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Abstract: We present the general form of a universal soft-collinear distribution operator
to compute the soft-virtual cross-section to next-to-next-to-next-to-next-to-leading order
(N4LO) in QCD for a process with any number of final state colorless particles in hadron
colliders. By acting this universal operator on the pure virtual corrections, which need to
be computed explicitly for a process, the soft-virtual cross-section can be obtained. The
operator is constructed by exploiting the factorization and renormalization group evolution
of amplitudes in QCD, and the universality of soft gluon contributions. We also provide the
hard coefficient to perform the threshold resummation to next-to-next-to-next-to-leading
logarithmic (N3LL) accuracy. Furthermore, we present the approximate analytical results
of the soft-virtual cross-sections at N4LO and N3LL for the Higgs boson production through
gluon fusion and bottom quark annihilation, and also for the Drell-Yan production at the
hadronic collider.
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1 Introduction
The post Higgs discovery era of high energy physics has witnessed a rapidly growing pre-
cision at the hadron colliders which in turn puts increasing strain on our ability to make
reliable theoretical predictions. Multi-loop and multi-leg calculations are among the pri-
mary ladders to achieve the theoretically precise results for the processes currently produced
in abundance at the large hadron collider (LHC). Over the past few decades, an abundant
amount of results of physical observables have been computed to next-to-next-to-leading
(NNLO) order in QCD for 2→ 2 scattering1 and to next-to-next-to-next-to-leading (N3LO)
only for a few number of 2 → 1 processes [2–8]. Very recently, NNLO QCD correction to
2 → 3 scattering is achieved in ref. [9] and N3LO correction to 2 → 2 process is obtained
in ref. [10, 11].
The demand of high precision theoretical results for multi-leg final state colorless par-
ticles are of crying need due to its importance in determining many physical quantities,
such as, self-coupling of the discovered Higgs boson. However, with the increase of loops
1For summary of the recent state-of-the-art, see [1].
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and legs, the complexity of the computation grows so rapidly that often it becomes very
difficult to compute a physical observable exactly. In this scenario, in absence of the exact
fixed order computation, we could try to capture the dominant contributions to a physical
observable by evaluating the quantity in some limit. In this article, we focus on such an ap-
proximation to the scattering cross-section where we capture only the contribution arising
from soft region, which is called the soft-virtual (SV) approximation. When a system of
large invariant mass is produced at the hadronic collision, generically the SV result turns
out to be the dominant one. Since the partonic distribution function, fa(x), grows very
rapidly with decreasing momentum fraction x, the cross-section gets enhanced when x is
very close to its minima. This, in turn, implies that the incoming partonic center-of-mass
energy tends to be very close to the invariant mass of the final state particles, and the
remaining energy can only produce some soft particles. Therefore, this limit is called the
soft approximation.
In this article, we focus on a generic 2 → n scattering in hadronic collision with final
state consisting of only colorless particles, such as gauge bosons, Higgs, leptonic pair in
Drell-Yan. The soft gluon resummation for 2 → n process in single particle inclusive
kinematics is studied in ref. [12]. In ref. [13], the universal soft part to obtain the SV
cross-section at NNLO is presented. In ref. [14], an elegant approach was developed to
obtain the SV cross-section up to N3LO with the help of infrared subtraction operators
and using universal soft gluon contributions. The present article provides an alternative
approach to obtain the results of [14]. Moreover, by exploiting the factorization property
and renormalization group evolution of QCD amplitude, we give an alternative prescription
to compute the SV correction to the inclusive production cross-section to next-to-next-to-
next-to-next-to-leading order (N4LO) in QCD. With this universal expression, the SV
cross-section of any process of the aforementioned kind can be computed in an automated
way once the virtual amplitudes for 2→ n process become available and, therefore, provides
a first estimate of the size of higher order corrections. Among the ingredients that enter
into the computation of N4LO SV cross-section, the complete result of the light-like cusp
anomalous dimension at four loops becomes available recently [15–19]. The remaining
universal quantities, namely, the virtual and soft anomalous dimensions, which are related
to the collinear anomalous dimension through a relation conjectured in ref. [20], are also
not fully available yet in its analytic form at four loops.
The prescription is based on refs. [21, 22] where the framework is formulated for 2→ 1
process and subsequently applied to compute several observables under SV approxima-
tion. In ref. [21], from the inclusive cross sections at NNLO for Drell-Yan (DY) and Higgs
productions, the universal soft-collinear distribution was obtained which demonstrated the
property of maximally non-abelian. In other words, the soft-collinear distribution of DY is
related to that of Higgs production by Casimir scaling, that is, by a ratio CF /CA. Here, CF
and CA are Casimirs of SU(nc) in fundamental and adjoint representations, respectively.
Conjecturing that the Casimir scaling would hold even at three loops, third order contri-
bution to the soft-collinear distribution for DY was obtained simply from the N3LO result
for the Higgs production computed in the SV approximation. The SV cross-sections of
the production of Drell-Yan pair [23], Higgs boson through bottom quark annihilation [24],
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Higgs in association with vector boson [25], pseudo-scalar Higgs boson [26], and massive
spin-2 [27] are computed to N3LO employing the prescription. In ref. [14], the N3LO cor-
rection for DY was computed independently and it agreed with that of [23], see also [28] for
an explicit computation. The methodology is also successfully extended to incorporate two
final state colorless particles which is employed to compute the SV NNLO cross-section
of the production of a pair of Higgs boson [29] and Higgs boson in association with Z
boson [30, 31] through bottom quark annihilation. In order to incorporate the QED and
mixed QCD⊕QED corrections, this prescription is used to compute the corresponding soft
contribution to NNLO in ref. [32] and N3LO in ref. [33]. Furthermore, this prescription
is also extended to compute the differential rapidity distribution for a 2 → 1 scattering
process under SV approximation in ref. [34] which is employed to calculate the correspond-
ing quantity at N3LO for the massive vector boson in ref. [35] and, Drell-Yan pair and
Higgs boson in refs. [36, 37]. The gluon jet function to N3LO is computed in ref. [38]
employing the formalism in the context of deep inelastic scattering. In addition, to com-
pute the NNLO splitting functions in N = 4 supersymmetric Yang-Mills theory [39, 40],
this prescription is employed extensively. The SV cross-section of the productions of Higgs
boson in gluon fusion and Drell-Yan at N3LO are computed in ref. [28, 41] by explicitly
evaluating the real emission Feynman diagrams in the soft limit.
For n-colorless particle production, the final state invariant mass can take any value
from partonic threshold to the hadronic center of mass energy and thereby the hadronic
threshold making resummation essential. Even, away from hadronic threshold, the resum-
mation plays crucial role for sub-percent accuracy at the colliders. Note that the threshold
resummation is important when average partonic center of mass energy is also small. The
size of the resummed effect depends on how the partonic threshold is reached in the hadronic
colliders. In particular, it is controlled by the shape of the parton distribution functions.
For PDFs which peak at lower x values, resummation is thus important far away from
hadronic threshold, for example, in Higgs production.
SV part of the cross-section satisfies renormalization group on its own. The highest
distributions can be completely predicted from the lower orders itself. The formalism
on how to resum these large threshold logarithms has been developed decades ago from
the seminal works by Stermann [42], Catani and Trentedue [43]. Threshold resummation
is conveniently performed in the Mellin-N space to avoid the convolution structure in
the distribution space. In the Mellin-space the plus distributions translate into simple
logarithms in the Mellin variable N . The threshold limit in distribution space z → 1 gets
translated into large-N limit (N →∞) in Mellin space and the threshold enhanced terms
can be organized in a resummed series which determines the accuracy of the resummation.
Threshold resummation has been widely used in the past decades to improve several
processes in the Standard Model (SM), for example inclusive Higgs production in gluon
fusion [14, 44–47] and bottom quark annihilation [48], Drell-Yan invariant mass distribution
[14, 45, 49–51], deep inelastic scattering [52, 53] , vector boson production [51] are known
to next-to-next-to-next-to-leading logarithmic (N3LL) accuracy and found to improve the
perturbative predictions. Several studies are done even beyond SM (BSM) scenario for
example in inclusive pseudo-scalar production [54–56], spin-2 production [27, 57].
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In this article we present a novel approach on how to systematically perform threshold
resummation to N3LL for n-colorless particle production at the hadron collider such as the
LHC. Starting from the factorization at the threshold limit, we show how to extract the
relevant ingredients, in particular, the Mellin-N independent terms.
We also provide the approximate results of the SV cross-sections at N4LO and N3LL
explicitly for the Higgs boson production through gluon fusion and bottom quark annihila-
tion, and for the Drell-Yan production. The approximation comes from the unavailability
of the full four loop virtual matrix elements and the soft-collinear distributions. The goal
of this article is to present the formal methodology of computing threshold corrections for
the inclusive production cross-section for any generic process of 2 → n kind at hadron
collider.
The article is organized as follows. In section. 2, we introduce the notion of soft-virtual
cross-section. The universal soft-collinear operator to obtain the SV cross-section to N4LO
for a generic scattering of 2 → n is presented in section 2.1. The universal soft-collinear
operator that is needed to perform the threshold resummation to N3LL is obtained in
section 3. After drawing the conclusion in section 4, we present all the results in the
appendix for a specific scale choice. With the arXiv submission of this article, we provide
a Mathematica readable ancillary file containing all the results of the appendix.
2 Soft-virtual cross-section
In this section, we develop the methodology to obtain soft gluon contributions to the inclu-
sive production of n-number of colorless particles in hadron collisions within the framework
of perturbative QCD. We use QCD improved parton model, namely, the factorization of
collinear divergences from the partonic reactions to all orders in strong coupling constant
αs = g
2
s/4pi. We start by considering a general hadronic collision between two hadrons
H1,(2) with momentum P1(2) that produces a final state composed of n-number of colorless
particles Fi(qi)
H1(P1) +H2(P2)→
n∑
i=1
Fi(qi) +X . (2.1)
The quantity X represents an inclusive hadronic state and qi stands for the momenta of
corresponding colorless particle Fi. We denote the invariant mass square of the final state
by q2 which is related to the momentum {qi} through q2 = (
∑
i qi)
2. The invariant mass
distribution of the final state is given by
q2
d
dq2
σ(S, q2) =
∑
a,b
∫
dx1fa(x1, µ
2
F )
∫
dx2fb(x2, µ
2
F )q
2 d
dq2
σˆab
(
x1, x2, S, q
2, µ2F
)
, (2.2)
where S and s are the square of the hadronic and partonic center-of-mass energy, re-
spectively. x1,2 are fractions of momenta of incoming hadrons carried away by partons a
and b, and fa(b) are the parton distribution function (PDF) renormalized at the factor-
ization scale µF . The strong coupling constant at renormalization scale µR is denoted by
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as(µ
2
R) ≡ αs(µ2R)/4pi. The mass-factorized partonic cross-section, σˆab, is related to the
matrix element, Mab, through
σˆab =
1
2s
∫
[dPSm]
∣∣Mab∣∣2 , (2.3)
where [dPSm] represents the m-particle phase space. In the above equation, the overline
on the matrix element means that the sum over all color and spin of the final states
and the average over the same for initial states are done before performing the phase space
integration. The partonic cross-section can be perturbatively expanded in powers of as(µ
2
R)
as
q2
d
dq2
σˆab(x1, x2, S, q
2, µ2F ) = a
λ
s (µ
2
R)
∞∑
k=0
aks(µ
2
R)q
2 d
dq2
σˆ
(k)
ab (x1, x2, S, q
2, µ2F , µ
2
R) , (2.4)
where λ is determined by the leading order (LO) process. The partonic cross section is µF
dependent and µR independent. The µF dependence goes away at the hadronic level when
they are folded with appropriate parton distribution functions and the integration over
x1, x2 and sum over all the partons are performed. In the following, we restrict ourselves
to only those partonic processes where the LO process can either be quark initiated with
same flavor, qq¯ → ∑i Fi or gluon initiated, gg → ∑i Fi owing to the color conservation.
This implies
σˆ
(0)
ab = (δaqδbq¯ + δaq¯δbq + δagδbg)C0δ(1− z) , (2.5)
where all the dependence of partonic cross-section on kinematic invariants at LO is en-
capsulated in C0. The variable z is defined as z ≡ q2/s. Beyond LO, there can be many
other subprocesses that contribute towards the total cross section and in addition to having
the δ(1− z) part, there are various other terms involving plus-distribution, logarithm and
constant. The plus-distribution is defined through∫ 1
0
dzDj(z)g(z) =
∫ 1
0
dz
(
logj(1− z)
(1− z)
)
+
g(z) ≡
∫ 1
0
dz
logj(1− z)
(1− z) [g(z)− g(1)] . (2.6)
In this article, we are interested in computing the cross-section in the soft limit which
translates to z → 1. This limit implies that the initial partonic center of mass energy
is almost completely exhausted to produce the final state colorless particles {Fi} and the
small residual energy can only produce some soft partons. Since in this limit, only soft
radiation can take place, it is called the soft-limit. In this scenario when all the emitted
partons are soft, we can approximate the partonic cross-section by its threshold expansion
σˆ
(k)
ab = (δaqδbq¯ + δaq¯δbq + δagδbg)σˆ
(k),sv
ab +O(1− z)0 . (2.7)
The first term in the aforementioned threshold expansion, the so-called soft-virtual term,
only receives contributions from the gluon-gluon or quark-antiquark initial state. The SV
cross-sections are linear combinations of the distributions δ(1 − z) and Dj(z). The sub-
leading terms in the expansion are called the hard contributions. The goal of this article is
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to provide a prescription to compute the SV cross-section at fourth order in strong coupling
constant i.e. σˆ
(4),sv
ab .
In the soft limit, it is well known that the square of the real emission partonic matrix
elements factorizes into the hard and soft parts, and on top of that, the phase space splits
into the corresponding parts. Consequently, by combining the soft part with the pure
virtual contribution and the mass factorized counter terms, we obtain the infrared safe SV
hadronic cross-section which reads
σsv =
∫
dq2
q2
∑
ab
∫
dx1fa(x1, µF )
∫
dx2fb(x2, µF )
1
2s
n∏
i=1
∫
dφ(qi)
× (2pi)DδD
(
p1 + p2 −
n∑
i=1
qi
)
∆svab
({pj · qk}, q2, z, µ2F ) . (2.8)
We denote the momentum of the initial state partons by p1, p2. All the scalar products
among the external momentum are concisely represented by {pj ·qk}. The dφ(qi) represents
the n-particle Lorentz invariant phase-space element of the colorless final state particle
corresponding to the momenta qi
dφ(qi) ≡ d
3qi
(2pi)32Ei
, (2.9)
where qi = (Ei, ~qi). The quantity ∆
sv
ab is called the SV coefficient function which is defined
through
∆sv(z)
z
=
(
Γ Tsv(z, µ
2
F , )
)−1 ⊗ ∆ˆsv(z, )
z
⊗ Γ−1sv (z, µ2F , ) (2.10)
where
∆ˆsv(z, )
z
=
s
2pi
∫ ( m∏
j=1
dφ(kj)
)
dφ(q)(2pi)Dδ(D)
(
p1 + p2 − q −
m∑
j=1
kj
)
|Msv|2 (2.11)
In the aforementioned matrix equation, the quantity D is the space-time dimensions and
|Msv〉 is the matrix element of the partonic subprocess
a(p1) + b(p2)→
n∑
i=1
Fi(qi) +
m∑
j=1
rj(kj) , (2.12)
where rj represents the partons emitted through real emission with momenta kj . Beyond
leading order, the real emission partons start appearing and their total number, m, depends
on the order of perturbation that we are looking into. In the SV approximation, all the real
emissions are assumed to be soft i.e. kj → 0 which is represented through the superscript
SV in the matrix element. The overhead line on the matrix element denotes the average
over initial states. Γ (z, µ2F , ) are the mass factorization kernels which remove the initial
state collinear singularities through renormalization of parton distribution functions. The
subscript sv in Γ indicates that we keep only δ(1−z) and Dj in Γ . In the following section,
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we will present the prescription to calculate the coefficient function to N4LO in QCD for
any 2 → n scattering process, which can be calculated order by order in perturbation
theory:
∆svab({pi · qk}, z, q2, µ2F ) = aλs (µ2R)
∞∑
k=0
aks(µ
2
R) ∆
(k),sv
ab ({pi · qk}, z, q2, µ2F , µ2R) . (2.13)
2.1 Universal soft-collinear operator for SV cross-section
In constructing the cross-section, the UV renormalized virtual contribution is combined
with the real emission diagrams and mass factorization in order to get rid of all the under-
lying soft and collinear (IR) singularities in dimensional regularization. A UV renormalized
virtual amplitude for the scattering of 2 → n particles in dimensional regularization can
always be factorized into a part containing all the IR poles and a finite part as
Mab,fin
({pj}, {qk}, µ2R) = lim
→0
Z−1ab,IR(q
2, µ2R, )Mab ({pj}, {qk}, ) . (2.14)
In the aforementioned equation, we factorize the infrared poles at the renormalization scale.
In principle, the scale at which we factorize could be different. HereMab,fin represents the
finite part of the pure virtual amplitude that depends on momentum, colors and spins of
the external states. The Feynman diagrams that contribute to the aforementioned pure
virtual amplitude have the same kinematics as the leading order process. For processes such
as the Higgs boson production through gluon fusion in heavy quark effective field theory,
the coupling constant renormalization is insufficient to remove all the UV divergences.
We need to renormalize the operator by multiplying an overall operator renormalization
constant, ZOP. This is a property inherently associated with the operator and it should
not be mix with the UV renormalization constants for the couplings present in the theory.
For conserved operator, such as leptonic pair production in Drell-Yan, this quantity is
identically one.
The factor Zab,IR(q
2, µ2R, ) is a universal quantity encapsulating all the soft and collinear
divergences [20, 58–66] which appear as poles in dimensional regulator  ≡ (D − 4). It de-
pends only on the external colored partons, and independent of the nature and numbers
of the colorless particles. The suffix ab is used to signify the fact that the external partons
solely determine the IR behavior of the virtual matrix element. The universal structures of
the infrared divergences to two-loops (except the single pole) were first depicted by Catani
in ref. [58] in terms of subtraction operators which was later formally proved in ref. [59].
For Sudakov form factors that involves two external partons, the explicit form of the single
pole at two-loop was first revealed in ref. [20] whose validity at three-loop was later estab-
lished in ref. [60]. In ref. [63, 64], an all order conjecture on the form of infrared divergences
for any generic process is made in terms of soft anomalous dimension matrix. For readers’
convenience, we present the Zab,IR(q
2, µ2R, ) to four loops in appendix A as well as in the
ancillary file.
Since the IR behavior of the pure virtual amplitude is completely universal and in-
dependent of the number of external colorless particles, the combined contributions from
the real emission diagrams and mass factorization must also exhibit the same universality
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in order to get the finite cross-section. By employing this universality and imposing the
constraint of the finiteness on the cross-section, we determine the universal contribution
from the latter part to obtain the SV cross-section for any generic 2→ n scattering process
to N4LO, which we now turn to.
By following the similar prescription for the 2→ 1 scattering process [21, 22], we pro-
pose that the SV partonic coefficient function in (2.8) can be written as a Mellin convolution
of the pure virtual contribution F and soft-collinear distribution Φ as
∆svaa
({pj · qk}, z, q2, µ2F ) =|M(0)aa |2|Faa({pj · qk}, q2, )|2δ(1− z)
⊗ C exp (2Φaa (z, q2, )− 2C logΓaa(z, µ2F , )) . (2.15)
The virtual contribution is captured through the form factor which is defined by the born
factorized square matrix element as
Faa = 1 +
∞∑
k=1
aksF (k)aa ≡ 1 +
∞∑
k=1
aks
〈M(0)aa |M(k)aa 〉
〈M(0)aa |M(0)aa 〉
, (2.16)
where M(k)aa is the k-th order UV renormalized matrix element of the underlying partonic
process a(p1) + a(p2) →
∑n
i=1 Fi(qi). The “C ordered exponential” of a distribution g(z)
containing δ(1− z) and Dj(z) is defined as
Ceg(z) = δ(1− z) + 1
1!
g(z) +
1
2!
(g ⊗ g) (z) + 1
3!
(g ⊗ g ⊗ g) (z) + · · · , (2.17)
where ⊗ denotes the Mellin convolution. Soft divergences from the real radiation, captured
by the quantity Φaa, and from the virtual diagrams, encapsulated through Faa, cancel with
each other. The final state collinear singularities are guaranteed to cancel upon summing
over final states, as dictated by Kinoshita-Lee-Nauenberg (KLN) theorem. The initial
state collinear singularities can arise from both the virtual and real emission diagrams
which respectively show up in Faa and Φaa, and upon incorporating the mass factorization
kernels, Γ , all of these cease to exist. Consequently, the SV cross-section in (2.15) is free
of all the divergences. Hence, by demanding the finiteness of the ∆svaa, we can determine
the explicit form of the newly introduced soft-collinear distribution Φaa.
The real radiation for 2 → 1 and 2 → n scattering processes can only occur from the
initial state partons, and hence, Φaa for the latter process must be same as that of the former
one with modified kinematic dependence, dictated by the overall momentum conservation.
Therefore, by understanding the behavior of the Sudakov (2→ 1) form factors through its
evolution under the momentum transfer q2, which leads to its exponentiation [67–69], and
the renormalization group evolution of the mass factorization kernels [16, 17] enables us
to systematically fix the mathematical structure of Φaa. The evolution of the form factor
is explicitly present to five loops order in QCD in refs. [21, 22, 60, 70]. The Φaa for the
Sudakov form factor is determined to NNLO in refs. [21, 22] and at N3LO in ref. [23].
In this article, for the first time, we present the Φaa to N
4LO for any generic scattering
process 2→ n. One of the most salient features of the Φaa is that it satisfies the maximally
non-Abelian property:
Φgg =
CA
CF
Φqq¯ , (2.18)
– 8 –
where CF = (n
2
c−1)/2nc and CA = nc are the Casimirs in fundamental and Adjoint repre-
sentation of SU(nc) gauge group. This property essentially signifies its universal behavior.
Moreover, it is independent of the external quark flavors, as expected from the infrared be-
havior of the scattering amplitudes. The aforementioned non-Abelian property is explicitly
verified to NNLO in refs. [21, 22] and in ref. [23] it is conjectured to be valid even at N3LO
QCD which is verified through explicit computations in refs. [14, 28]. The flavor dependence
of the Φaa¯ was exploited in ref. [24] in order to calculate the SV cross-section at N
3LO for
the Higgs boson production in bottom quark annihilation. However, whether the validity
of this wonderful property holds beyond N3LO with generalized Casimir scaling [71], that
needs to be addressed in future.
In order to make it more transparent, we decompose the soft-collinear distribution and
logarithm of the mass factorization kernel into singular (sing) and finite (fin) parts as
Φaa = Φaa,sing + Φaa,fin ,
logΓaa = logΓaa,sing + logΓaa,fin , (2.19)
and rewrite (2.15) as
∆svaa
({pj · qk}, z, q2, µ2F ) =|M(0)aa |2|Faa,fin({pj · qk}, q2, µ2R)|2δ(1− z)
⊗ C exp (2Φaa,fin (z, q2, µ2R)− 2C logΓaa,fin(z, µ2R, µ2F ))⊗ Isvaa ,
(2.20)
where
Isvaa =|Zaa¯,IR(q2, µ2R, )|2δ(1− z)
⊗ C exp (2Φaa,sing (z, q2, µ2R, )− 2C logΓaa,sing(z, µ2R, )) . (2.21)
The finiteness of the SV cross-section ∆svaa demands that the quantity I
sv
aa must be equal to
δ(1−z). The finite combination of soft-collinear distribution and mass factorization kernel
in (2.20) is universal which we call as soft-collinear operator and this is denoted through
Saa:
Saa(z, q
2, µ2R, µ
2
F ) ≡ C exp
(
2Φaa,fin
(
z, q2, µ2R
)− 2C logΓaa,fin(z, µ2R, µ2F )) . (2.22)
Being a universal quantity, it can be used for any generic 2 → n scattering process. As
depicted through (2.7), the subprocesses with initial state partons as either qq¯ or gg are the
only ones which contribute to the SV cross-section, so we can rewrite the aforementioned
equation (2.20) as
∆svI = |M(0)I |2|FI,fin|2δ(1− z)⊗ SI , (2.23)
where I can be either q or g for qq¯ and gg initiated processes, respectively. We expand the
SV coefficient function in powers of as(µR) as
∆svI ({pj · qk}, z, q2, µ2F ) = aλs (µ2R)
∞∑
k=0
aks(µ
2
R)∆
(k),sv
I ({pj · qk}, z, q2, µ2F , µ2R) . (2.24)
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The generic result of the soft-collinear operator and the SV coefficient function in terms of
the universal light-like cusp (AI), eikonal (f I) and virtual (BI) anomalous dimensions up
to N4LO are presented in the appendix B and C, respectively. We also provide the generic
result by keeping the scale dependence explicitly as ancillary file with the arXiv submis-
sion. In order to obtain the complete analytical result at four loops by employing the
general result presented in this article, one needs the four loop contribution to all the
aforementioned anomalous dimensions along with the pure virtual amplitude.
The anomalous dimensions are expanded in powers of as(µ
2
R) as
XI(µ2R) =
∞∑
j=1
ajs(µ
2
R)X
I
j , (2.25)
where X = A,B, f . As a consequence of recent calculations, the light-like cusp anomalous
dimensions are available to four loops [15–19] in QCD. The eikonal and virtual anomalous
dimensions to three loops can be extracted [20, 60] from the quark and gluon collinear
anomalous dimensions [72, 73] through the conjecture [20]
γI = 2BI + f I . (2.26)
The partial results of the eikonal and virtual anomalous dimensions at four loop can be
obtained from refs. [19, 53, 74, 75].
To provide an explicit results, we present the new results of ∆svI for 2 → 1 processes
such as the Drell-Yan and the Higgs boson productions through gluon fusion as well as
bottom quark annihilation at N4LO in appendix F. In order to achieve this, we make use
of the explicit results of the recently computed four loop cusp anomalous dimension [15–
19] along with the available results of the form factors for Drell-Yan and the Higgs boson
productions. The latter quantities are partially available to fourth order in QCD [19, 76–
80]. The previously missing coefficients of δ(1− z) in ∆svd,I at N4LO were primarily due to
the missing O(0) results of the form factors and soft-collinear distribution at four loop.
The partial results for the SV cross-section at N4LO, namely the coefficients of D2 to D7
for I = q, g, b, were first computed in ref. [22] and the D1 for I = q, g in ref. [23] (See version
1 on arXiv). The full explicit results of the quark and gluon form factors corresponding
to Drell-Yan and the Higgs boson production in gluon fusion are available at three loop to
O(2) in ref. [81, 82]. The corresponding partial four loop form form factors are computed in
several articles over the past decade [19, 76–80]. In case of Higgs boson production through
bottom quark annihilation, the three loop [79, 83] and partial four loop form factors are
available in ref. [79]. In addition, the one- and two-loop results are also needed to expand to
O(5) and O(3), respectively. Similarly for the coefficient which contributes to the O(0)
part of four loop form factor, the one-, two-, and three-loop results are needed to order
O(6), O(4) and O(2), respectively. The four loop explicit results which we present in
this article are still incomplete due to the unavailability of the full explicit results for form
factors as well as soft contributions resulting from the real emission processes at four loop.
Our findings of the coefficients of D1 for I = q, g are consistent with the recent results
computed in refs. [75]. The same quantity for I = b is a new result that is presented for
the first time in this article.
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In ancillary file that is provided with the arXiv submission, the explicit expressions of
all the anomalous dimensions including the QCD β-functions to three loops can be found.
Since not all of these anomalous dimensions at four loop are fully present in the literature,
we do not include the partial result in the ancillary file. In the following section, we focus
on the soft gluon resummation for the 2→ n process.
3 Threshold resummation and its universal soft-collinear operator
In the previous section, we have shown that the contributions resulting from soft gluon
emissions in the production of colorless particles in hadron collisions demonstrate the uni-
versal structure, namely, they are independent of the hard process under study and they
depend only on the type of incoming partons that is responsible for the hard process. We
have also shown that these contributions exponentiate to all orders in perturbation the-
ory, thanks to the factorization and renormalization group equation that they satisfy. The
dominant contributions resulting from soft gluons are often studied in the Mellin space by
computing Mellin N -moment of partonic reactions in the large N limit. This approach is
advantageous due to absence of convolutions involving distributions. Most importantly, as
was shown by the seminal works by Stermann [42], Catani and Trentedue [43], it provides
a systematic way of exponentiating large logN terms and of resumming 2β0as(µ
2
R) log N¯
to all order in perturbation theory, where N¯ ≡ N exp(γE) and γE is Euler-Mascheroni
constant.. In the following, we relate the process independent soft-collinear operator given
in (2.22) to the well known integral representation of the exponent in the Mellin space
approach. In addition, we determine the process dependent part of the resummed result.
We decompose both ΦI,fin and logΓI,fin in (2.19) as
ΦI,fin = ΦI,D + ΦI,δ ,
logΓI,fin = logΓI,D + logΓI,δ , (3.1)
where the quantities with subscript D contain only plus distributions Dj and with the
subscript δ contain only δ(1 − z). The finite part of the mass factorization kernel ΓI,fin
contains log(µ2F /µ
2
R) resulting from coupling constant renormalization. Substituting (3.1)
in (2.20), we obtain
∆svI
({pj · qk}, z, q2, µ2F ) = CI0 ({pj · qk}, q2, µ2F ) δ(1− z)⊗ C exp(ΦresI (z, q2, µ2F ))⊗ IsvI ,
(3.2)
where the coefficient CI0 is given by
CI0
({pj · qk}, q2, µ2F ) = |M(0)I |2|FI,fin({pj · qk}, q2, µ2R)|2SIres,δ(q2, µ2R, µ2F ) (3.3)
with the soft-collinear operator for threshold resummation
SIres,δ(q
2, µ2R, µ
2
F ) = exp
(
2ΦI,δ(q
2, µ2R, µ
2
F )− 2 logΓI,δ(µ2F )
)
. (3.4)
The plus distributions Di are contained in
ΦresI (z, q
2, µ2F ) = 2ΦI,D(z, q
2)− 2C logΓI,D(z, µ2F ) . (3.5)
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As it was shown in [21, 22] (see Eq.(44, 45, 46) of [22]) in the context of 2 → 1 process,
ΦresI takes the following form:
ΦresI (z, q
2, µ2F ) =
(
1
1− z
{∫ (1−z)2q2
µ2F
dλ2
λ2
2AI(as(λ
2)) +DI(as((1− z)2q2))
})
+
,(3.6)
where the function DI are provided in the ancillary file. It is convenient to perform the
resummation in Mellin space. By taking the Mellin-N moment of the (3.2), we obtain∫ 1
0
dzzN−1∆svI
({pj · qk}, z, µ2F ) = CI0 ({pj · qk}, q2, µ2F ) exp(∫ 1
0
dzzN−1ΦresI (z, q
2, µ2F )
)
.
(3.7)
The threshold limit in z space gets translated to N → ∞ in the N space. Following the
method discussed in ref. [44], in the large N limit∫ 1
0
dzzN−1ΦresI (z, q
2, µ2F ) = G
I
0(q
2, µ2F ) +G
I
N¯ (q
2, µ2F , ω) , (3.8)
where G
I
0 is N independent and G
I
N¯ satisfies the condition
G
I
N¯ (q
2, µ2F , ω)|N¯=1 = 0 . (3.9)
Consequently, we get∫ 1
0
dzzN−1∆svI
({pj · qk}, z, µ2F ) = gI0 ({pj · qk}, q2, µ2F ) exp(GIN¯ (q2, µ2F , ω) ) . (3.10)
The coefficient g¯I0 gets finite contribution from the form factor, soft-collinear distribution
as well as terms arising from Mellin-space transformation of plus distributions, and it can
be written as
gI0({pj · qk}, q2, µ2F ) = CI0
({pj · qk}, q2, µ2F ) exp(GI0(q2, µ2F )) . (3.11)
The exponent G
I
N¯ can be organized as a resummed perturbation series in Mellin space,
G
I
N¯ (q
2, µ2F , ω) = ln N¯g
I
1(ω) +
∞∑
i=0
ais(µ
2
R)g
I
i+2(ω, q
2, µ2F , µ
2
R) , (3.12)
where ω = 2β0as(µ
2
R) ln N¯ . Similarly, we can expand g
I
0 in powers of as(µ
2
R) as
gI0({pj · qk}, q2, µ2F ) =
∞∑
i=0
ais(µ
2
R)g
I
0,i({pj · qk}, q2, µ2F , µ2R) (3.13)
The successive terms in the above series (3.12) along with the corresponding terms in
(3.13)) define the resummed accuracy LL, NLL, NNLL, N3LL and so on.
The explicit form in (3.10) along with its components as given in (3.11) and (3.12) are
suitable for resumming large logarithms to all orders. For calculating the Mellin convolution
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of the SV partonic cross-section in (3.10) with (3.11), we need the process specific coefficient
function CI0 , and the universal quantities G
I
0 and G
I
N¯ . The process dependence of the
former quantity comes from the process specific form factor. In appendix E, we provide
the general expressions of the universal quantities appearing in (3.11) and (3.12) which
are required to perform the threshold resummation to N3LL in QCD. In appendix G, we
explicitly present the constants gI4, as defined in (3.12), for the Drell-Yan, and Higgs boson
production through gluon fusion as well as bottom quark annihilation.
4 Conclusions and Outlook
Higher order radiative corrections at hadronic colliders play very important role not only
to test the validity of the SM but also to constrain parameters of the beyond SM. Among
several observables, inclusive cross sections are often measured experimentally and also are
better understood theoretically. We restrict the discussion of this article to the inclusive
production of n-colorless particles at hadron colliders, and in particular, we focus to study
the role of soft gluons both in fixed order as well as resummed framework.
Often soft gluons in the partonic reactions dominate, where the center of mass energy
of the partonic scattering is almost close to the invariant mass of the final state color-
less particles. In this article, we have studied these effects for fixed order predictions to
fourth order in strong coupling constant, namely N4LO level and also the resummed soft
gluon effects to third order in leading logarithmic accuracy, N3LL for a generic 2 → n
scattering process. Specifically, we have explicitly presented the general structures of the
soft-virtual cross-section at N4LO and resummed result at N3LL in QCD for any process
of this kind. This is achieved by employing the collinear factorization of the inclusive
cross section, the renormalization group invariance, universality of perturbative infrared
structure of scattering amplitudes, and the process independence of the soft-collinear dis-
tribution. Furthermore, we have also explicitly given the soft-virtual cross-sections for the
Drell-Yan, and Higgs boson productions through gluon fusion as well as bottom quark
annihilation at N4LO and N3LL after incorporating the recent computations of the four
loop form factors and anomalous dimensions.
The soft-collinear distribution is found to be process independent as long as the par-
tonic scattering is inclusive in n colorless particles. This is due to the fact that both hard
part of square of the scattering amplitudes and the phase space for n colorless state factor-
ize from those of soft gluons. The latter being process independent can be obtained from
simpler processes, namely, Drell-Yan for quark initiated process and Higgs productions
for gluon initiated process. Using this fact along with the collinear factorization and the
renormalization group invariance, we have obtained most general expression for the fixed
order as well as resummed inclusive cross sections in terms of finite part of the amplitudes
correspond to 2→ n colorless particles to fourth order in perturbative QCD . The latter is
the only process dependent quantity that is needed for a given inclusive hadronic reaction
to obtain the soft gluon contribution to inclusive scattering cross section both in fixed order
as well as in resummed frameworks. The analytical results with explicit scale dependence
are provided in the ancillary file with the arXiv submission.
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A Infrared subtraction matrix for the amplitude
In this section, we present the constant ZI,IR(q
2, µ2R, ) (see (2.14)) that encapsulates the
soft and collinear divergences of amplitude for 2 → n colorless particles in dimensional
regularization to four-loops in perturbative QCD. Expanding the constant in powers of
as(µ
2
R) as
ZI,IR(q
2, µ2R, ) = 1 +
∞∑
k=1
aks(µ
2
R)Z
(k)
I,IR(q
2, ) (A.1)
we present the results up to four loops by setting µ2R = q
2. The result with explicit scale
dependence can be found from the ancillary file supplied with the arXiv submission.
Z
(1)
I,IR =
1
2
{
− 2AI1
}
+
1

{
f I1 + 2B
I
1 − piAI1i
}
,
Z
(2)
I,IR =
1
4
{
2(AI1)
2
}
+
1
3
{
− 2AI1f I1 − 4AI1BI1 − 3β0AI1 + 2pi(AI1)2i
}
+
1
2
{
1
2
(f I1 )
2
+ 2BI1f
I
1 + 2(B
I
1)
2 − 1
2
AI2 + β0f
I
1 + 2β0B
I
1 − 3ζ2(AI1)2 − piAI1f I1 i− 2piAI1BI1i
− piβ0AI1i
}
+
1

{
1
2
f I2 +B
I
2 −
1
2
piAI2i
}
,
Z
(3)
I,IR =
1
6
{
− 4
3
(AI1)
3
}
+
1
5
{
2(AI1)
2f I1 + 4(A
I
1)
2BI1 + 6β0(A
I
1)
2 − 2pi(AI1)3i
}
+
1
4
{
−AI1(f I1 )2 − 4AI1BI1f I1 − 4AI1(BI1)2 +AI1AI2 − 5β0AI1f I1 − 10β0AI1BI1
− 44
9
β20A
I
1 + 6ζ2(A
I
1)
3 + 2pi(AI1)
2f I1 i+ 4pi(A
I
1)
2BI1i+ 5piβ0(A
I
1)
2i
}
+
1
3
{
1
6
(f I1 )
3
+BI1(f
I
1 )
2 + 2(BI1)
2f I1 +
4
3
(BI1)
3 − 1
2
AI2f
I
1 −AI2BI1 −AI1f I2 − 2AI1BI2 −
16
9
β1A
I
1
+ β0(f
I
1 )
2 + 4β0B
I
1f
I
1 + 4β0(B
I
1)
2 − 10
9
β0A
I
2 +
4
3
β20f
I
1 +
8
3
β20B
I
1 − 3ζ2(AI1)2f I1
− 6ζ2(AI1)2BI1 − 6ζ2β0(AI1)2 −
1
2
piAI1(f
I
1 )
2i− 2piAI1BI1f I1 i− 2piAI1(BI1)2i
+
3
2
piAI1A
I
2i− 2piβ0AI1f I1 i− 4piβ0AI1BI1i−
4
3
piβ20A
I
1i+ piζ2(A
I
1)
3i
}
+
1
2
{
1
2
f I1 f
I
2
+BI2f
I
1 +B
I
1f
I
2 + 2B
I
1B
I
2 −
2
9
AI3 +
2
3
β1f
I
1 +
4
3
β1B
I
1 +
2
3
β0f
I
2 +
4
3
β0B
I
2 − 3ζ2AI1AI2
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− 1
2
piAI2f
I
1 i− piAI2BI1i−
1
2
piAI1f
I
2 i− piAI1BI2i−
2
3
piβ1A
I
1i−
2
3
piβ0A
I
2i
}
+
1

{
1
3
f I3
+
2
3
BI3 −
1
3
piAI3i
}
,
Z
(4)
I,IR =
1
8
{
2
3
(AI1)
4
}
+
1
7
{
− 4
3
(AI1)
3f I1 −
8
3
(AI1)
3BI1 − 6β0(AI1)3 +
4
3
pi(AI1)
4i
}
+
1
6
{
(AI1)
2(f I1 )
2 + 4(AI1)
2BI1f
I
1 + 4(A
I
1)
2(BI1)
2 − (AI1)2AI2 + 8β0(AI1)2f I1
+ 16β0(A
I
1)
2BI1 +
257
18
β20(A
I
1)
2 − 6ζ2(AI1)4 − 2pi(AI1)3f I1 i− 4pi(AI1)3BI1i
− 8piβ0(AI1)3i
}
+
1
5
{
− 1
3
AI1(f
I
1 )
3 − 2AI1BI1(f I1 )2 − 4AI1(BI1)2f I1 −
8
3
AI1(B
I
1)
3
+AI1A
I
2f
I
1 + 2A
I
1A
I
2B
I
1 + (A
I
1)
2f I2 + 2(A
I
1)
2BI2 +
32
9
β1(A
I
1)
2 − 7
2
β0A
I
1(f
I
1 )
2
− 14β0AI1BI1f I1 − 14β0AI1(BI1)2 +
67
18
β0A
I
1A
I
2 −
95
9
β20A
I
1f
I
1 −
190
9
β20A
I
1B
I
1
− 25
3
β30A
I
1 + 6ζ2(A
I
1)
3f I1 + 12ζ2(A
I
1)
3BI1 + 21ζ2β0(A
I
1)
3 + pi(AI1)
2(f I1 )
2i
+ 4pi(AI1)
2BI1f
I
1 i+ 4pi(A
I
1)
2(BI1)
2i− 2pi(AI1)2AI2i+ 7piβ0(AI1)2f I1 i
+ 14piβ0(A
I
1)
2BI1i+
95
9
piβ20(A
I
1)
2i− 2piζ2(AI1)4i
}
+
1
4
{
1
24
(f I1 )
4 +
1
3
BI1(f
I
1 )
3
+ (BI1)
2(f I1 )
2 +
4
3
(BI1)
3f I1 +
2
3
(BI1)
4 − 1
4
AI2(f
I
1 )
2 −AI2BI1f I1 −AI2(BI1)2 +
1
8
(AI2)
2
−AI1f I1 f I2 − 2AI1BI2f I1 − 2AI1BI1f I2 − 4AI1BI1BI2 +
4
9
AI1A
I
3 −
28
9
β1A
I
1f
I
1
− 56
9
β1A
I
1B
I
1 +
1
2
β0(f
I
1 )
3 + 3β0B
I
1(f
I
1 )
2 + 6β0(B
I
1)
2f I1 + 4β0(B
I
1)
3 − 29
18
β0A
I
2f
I
1
− 29
9
β0A
I
2B
I
1 −
17
6
β0A
I
1f
I
2 −
17
3
β0A
I
1B
I
2 −
20
3
β0β1A
I
1 +
11
6
β20(f
I
1 )
2 +
22
3
β20B
I
1f
I
1
+
22
3
β20(B
I
1)
2 − 13
6
β20A
I
2 + 2β
3
0f
I
1 + 4β
3
0B
I
1 −
3
2
ζ2(A
I
1)
2(f I1 )
2 − 6ζ2(AI1)2BI1f I1
− 6ζ2(AI1)2(BI1)2 +
15
2
ζ2(A
I
1)
2AI2 − 9ζ2β0(AI1)2f I1 − 18ζ2β0(AI1)2BI1 − 11ζ2β20(AI1)2
+
3
2
ζ22 (A
I
1)
4 − 1
6
piAI1(f
I
1 )
3i− piAI1BI1(f I1 )2i− 2piAI1(BI1)2f I1 i−
4
3
piAI1(B
I
1)
3i
+
3
2
piAI1A
I
2f
I
1 i+ 3piA
I
1A
I
2B
I
1i+ pi(A
I
1)
2f I2 i+ 2pi(A
I
1)
2BI2i+
28
9
piβ1(A
I
1)
2i
− 3
2
piβ0A
I
1(f
I
1 )
2i− 6piβ0AI1BI1f I1 i− 6piβ0AI1(BI1)2i+
40
9
piβ0A
I
1A
I
2i−
11
3
piβ20A
I
1f
I
1 i
− 22
3
piβ20A
I
1B
I
1i− 2piβ30AI1i+ piζ2(AI1)3f I1 i+ 2piζ2(AI1)3BI1i+ 3piζ2β0(AI1)3i
}
+
1
3
{
1
4
(f I1 )
2f I2 +
1
2
BI2(f
I
1 )
2 +BI1f
I
1 f
I
2 + 2B
I
1B
I
2f
I
1 + (B
I
1)
2f I2 + 2(B
I
1)
2BI2
− 2
9
AI3f
I
1 −
4
9
AI3B
I
1 −
1
4
AI2f
I
2 −
1
2
AI2B
I
2 −
2
3
AI1f
I
3 −
4
3
AI1B
I
3 −
5
4
β2A
I
1 +
2
3
β1(f
I
1 )
2
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+
8
3
β1B
I
1f
I
1 +
8
3
β1(B
I
1)
2 − 3
4
β1A
I
2 +
7
6
β0f
I
1 f
I
2 +
7
3
β0B
I
2f
I
1 +
7
3
β0B
I
1f
I
2
+
14
3
β0B
I
1B
I
2 −
7
12
β0A
I
3 + 2β0β1f
I
1 + 4β0β1B
I
1 + β
2
0f
I
2 + 2β
2
0B
I
2 − 3ζ2AI1AI2f I1
− 6ζ2AI1AI2BI1 −
3
2
ζ2(A
I
1)
2f I2 − 3ζ2(AI1)2BI2 − 4ζ2β1(AI1)2 − 7ζ2β0AI1AI2
− 1
4
piAI2(f
I
1 )
2i− piAI2BI1f I1 i− piAI2(BI1)2i+
1
4
pi(AI2)
2i− 1
2
piAI1f
I
1 f
I
2 i− piAI1BI2f I1 i
− piAI1BI1f I2 i− 2piAI1BI1BI2i+
8
9
piAI1A
I
3i−
4
3
piβ1A
I
1f
I
1 i−
8
3
piβ1A
I
1B
I
1i
− 7
6
piβ0A
I
2f
I
1 i−
7
3
piβ0A
I
2B
I
1i−
7
6
piβ0A
I
1f
I
2 i−
7
3
piβ0A
I
1B
I
2i− 2piβ0β1AI1i− piβ20AI2i
+
3
2
piζ2(A
I
1)
2AI2i
}
+
1
2
{
1
8
(f I2 )
2 +
1
3
f I1 f
I
3 +
2
3
BI3f
I
1 +
1
2
BI2f
I
2 +
1
2
(BI2)
2 +
2
3
BI1f
I
3
+
4
3
BI1B
I
3 −
1
8
AI4 +
1
2
β2f
I
1 + β2B
I
1 +
1
2
β1f
I
2 + β1B
I
2 +
1
2
β0f
I
3 + β0B
I
3 −
3
4
ζ2(A
I
2)
2
− 2ζ2AI1AI3 −
1
3
piAI3f
I
1 i−
2
3
piAI3B
I
1i−
1
4
piAI2f
I
2 i−
1
2
piAI2B
I
2i−
1
3
piAI1f
I
3 i
− 2
3
piAI1B
I
3i−
1
2
piβ2A
I
1i−
1
2
piβ1A
I
2i−
1
2
piβ0A
I
3i
}
+
1

{
1
4
f I4 +
1
2
BI4 −
1
4
piAI4i
}
.
(A.2)
The anomalous dimensions that appear in the aforementioned results are expanded follow-
ing the (2.25). These including the coefficients of QCD β-functions are provided explicitly
in the ancillary files to three loops.
B Soft-collinear distribution for SV cross-section
In this section, we present soft-collinear distribution SI , as defined in (2.23), in powers of
as(µ
2
R) up to four loops. Expanding the quantity in powers of as as
SI(z, q
2, µ2R, µ
2
F ) = δ(1− z) +
∞∑
i=1
ais(µ
2
R)
∑
J=δ,D
S
(i)
I,J(z, q
2, µ2R, µ
2
F ) J , (B.1)
we present the results for µ2R = µ
2
F = q
2. The δ(1− z) is represented by δ in the aforemen-
tioned equation. The result with explicit scale dependence can be found from the ancillary
file supplied with the arXiv submission.
S
(1)
I,δ = 2G˜I,(1)1 ,
S
(1)
I,D0 = − 2f I1 ,
S
(1)
I,D1 = 4A
I
1 ,
S
(2)
I,δ = G˜I,(1)2 + 2(G˜I,(1)1 )2 + 2β0G˜I,(2)1 − 8ζ3AI1f I1 − 2ζ2(f I1 )2 −
4
5
ζ22 (A
I
1)
2 ,
S
(2)
I,D0 = − 2f I2 − 4G˜
I,(1)
1 f
I
1 − 4β0G˜I,(1)1 + 16ζ3(AI1)2 + 8ζ2AI1f I1 ,
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S
(2)
I,D1 = 4(f
I
1 )
2 + 4AI2 + 8G˜I,(1)1 AI1 + 4β0f I1 − 16ζ2(AI1)2 ,
S
(2)
I,D2 = − 12AI1f I1 − 4β0AI1 ,
S
(2)
I,D3 = 8(A
I
1)
2 ,
S
(3)
I,δ =
2
3
G˜I,(1)3 + 2G˜I,(1)1 G˜I,(1)2 +
4
3
(G˜I,(1)1 )3 +
4
3
β1G˜I,(2)1 +
4
3
β0G˜I,(2)2 + 4β0G˜I,(1)1 G˜I,(2)1
+
8
3
β20 G˜I,(3)1 − 96ζ5(AI1)2f I1 − 64ζ5β0(AI1)2 −
8
3
ζ3(f
I
1 )
3 − 8ζ3AI2f I1 − 8ζ3AI1f I2
− 16ζ3G˜I,(1)1 AI1f I1 − 8ζ3β0(f I1 )2 − 16ζ3β0G˜I,(1)1 AI1 +
160
3
ζ23 (A
I
1)
3 − 4ζ2f I1 f I2
− 4ζ2G˜I,(1)1 (f I1 )2 − 8ζ2β0G˜I,(1)1 f I1 + 64ζ2ζ3(AI1)2f I1 + 32ζ2ζ3β0(AI1)2 −
8
5
ζ22A
I
1(f
I
1 )
2
− 8
5
ζ22A
I
1A
I
2 −
8
5
ζ22 G˜I,(1)1 (AI1)2 − 8ζ22β0AI1f I1 −
928
105
ζ32 (A
I
1)
3 ,
S
(3)
I,D0 = − 2f I3 − 2G˜
I,(1)
2 f
I
1 − 4G˜I,(1)1 f I2 − 4(G˜I,(1)1 )2f I1 − 4β1G˜I,(1)1 − 4β0G˜I,(1)2 − 4β0G˜I,(2)1 f I1
− 8β0(G˜I,(1)1 )2 − 8β20 G˜I,(2)1 + 192ζ5(AI1)3 + 32ζ3AI1(f I1 )2 + 32ζ3AI1AI2
+ 32ζ3G˜I,(1)1 (AI1)2 + 48ζ3β0AI1f I1 + 4ζ2(f I1 )3 + 8ζ2AI2f I1 + 8ζ2AI1f I2
+ 16ζ2G˜I,(1)1 AI1f I1 + 8ζ2β0(f I1 )2 + 16ζ2β0G˜I,(1)1 AI1 − 128ζ2ζ3(AI1)3 + 8ζ22 (AI1)2f I1
+ 16ζ22β0(A
I
1)
2 ,
S
(3)
I,D1 = 8f
I
1 f
I
2 + 4A
I
3 + 4G˜I,(1)2 AI1 + 8G˜I,(1)1 (f I1 )2 + 8G˜I,(1)1 AI2 + 8(G˜I,(1)1 )2AI1 + 4β1f I1
+ 8β0f
I
2 + 8β0G˜I,(2)1 AI1 + 24β0G˜I,(1)1 f I1 + 16β20 G˜I,(1)1 − 160ζ3(AI1)2f I1 − 96ζ3β0(AI1)2
− 40ζ2AI1(f I1 )2 − 32ζ2AI1AI2 − 32ζ2G˜I,(1)1 (AI1)2 − 48ζ2β0AI1f I1 − 16ζ22 (AI1)3 ,
S
(3)
I,D2 = − 4(f I1 )3 − 12AI2f I1 − 12AI1f I2 − 24G˜
I,(1)
1 A
I
1f
I
1 − 4β1AI1 − 12β0(f I1 )2 − 8β0AI2
− 32β0G˜I,(1)1 AI1 − 8β20f I1 + 160ζ3(AI1)3 + 96ζ2(AI1)2f I1 + 48ζ2β0(AI1)2 ,
S
(3)
I,D3 = 16A
I
1(f
I
1 )
2 + 16AI1A
I
2 + 16G˜I,(1)1 (AI1)2 +
80
3
β0A
I
1f
I
1 +
16
3
β20A
I
1 − 64ζ2(AI1)3 ,
S
(3)
I,D4 = − 20(AI1)2f I1 −
40
3
β0(A
I
1)
2 ,
S
(3)
I,D5 = 8(A
I
1)
3 ,
S
(4)
I,δ =
1
2
G˜I,(1)4 +
1
2
(G˜I,(1)2 )2 +
4
3
G˜I,(1)1 G˜I,(1)3 + 2(G˜I,(1)1 )2G˜I,(1)2 +
2
3
(G˜I,(1)1 )4 + β2G˜I,(2)1
+ β1G˜I,(2)2 +
8
3
β1G˜I,(1)1 G˜I,(2)1 + β0G˜I,(2)3 + 2β0G˜I,(2)1 G˜I,(1)2 +
8
3
β0G˜I,(1)1 G˜I,(2)2
+ 4β0(G˜I,(1)1 )2G˜I,(2)1 + 4β0β1G˜I,(3)1 + 2β20 G˜I,(3)2 + 2β20(G˜I,(2)1 )2 +
16
3
β20 G˜I,(1)1 G˜I,(3)1
+ 4β30 G˜I,(4)1 − 1920ζ7(AI1)3f I1 − 1920ζ7β0(AI1)3 − 64ζ5AI1(f I1 )3 − 192ζ5AI1AI2f I1
− 96ζ5(AI1)2f I2 − 192ζ5G˜I,(1)1 (AI1)2f I1 − 64ζ5β1(AI1)2 − 256ζ5β0AI1(f I1 )2
− 192ζ5β0AI1AI2 − 320ζ5β0G˜I,(1)1 (AI1)2 − 256ζ5β20AI1f I1 − 8ζ3(f I1 )2f I2 − 8ζ3AI3f I1
− 8ζ3AI2f I2 − 8ζ3AI1f I3 − 8ζ3G˜I,(1)2 AI1f I1 −
16
3
ζ3G˜I,(1)1 (f I1 )3 − 16ζ3G˜I,(1)1 AI2f I1
– 17 –
− 16ζ3G˜I,(1)1 AI1f I2 − 16ζ3(G˜I,(1)1 )2AI1f I1 − 8ζ3β1(f I1 )2 − 16ζ3β1G˜I,(1)1 AI1
− 24ζ3β0f I1 f I2 − 16ζ3β0G˜I,(1)2 AI1 − 16ζ3β0G˜I,(2)1 AI1f I1 − 32ζ3β0G˜I,(1)1 (f I1 )2
− 16ζ3β0G˜I,(1)1 AI2 − 32ζ3β0(G˜I,(1)1 )2AI1 − 32ζ3β20 G˜I,(2)1 AI1 − 48ζ3β20 G˜I,(1)1 f I1
+ 1792ζ3ζ5(A
I
1)
4 + 160ζ23 (A
I
1)
2(f I1 )
2 + 160ζ23 (A
I
1)
2AI2 +
320
3
ζ23 G˜I,(1)1 (AI1)3
+ 352ζ23β0(A
I
1)
2f I1 + 96ζ
2
3β
2
0(A
I
1)
2 − 2ζ2(f I2 )2 − 4ζ2f I1 f I3 − 2ζ2G˜I,(1)2 (f I1 )2
− 8ζ2G˜I,(1)1 f I1 f I2 − 4ζ2(G˜I,(1)1 )2(f I1 )2 − 8ζ2β1G˜I,(1)1 f I1 − 8ζ2β0G˜I,(1)2 f I1
− 4ζ2β0G˜I,(2)1 (f I1 )2 − 8ζ2β0G˜I,(1)1 f I2 − 16ζ2β0(G˜I,(1)1 )2f I1 − 16ζ2β20 G˜I,(2)1 f I1
− 8ζ2β20(G˜I,(1)1 )2 + 1152ζ2ζ5(AI1)3f I1 + 1024ζ2ζ5β0(AI1)3 + 48ζ2ζ3AI1(f I1 )3
+ 128ζ2ζ3A
I
1A
I
2f
I
1 + 64ζ2ζ3(A
I
1)
2f I2 + 128ζ2ζ3G˜I,(1)1 (AI1)2f I1 + 32ζ2ζ3β1(AI1)2
+ 160ζ2ζ3β0A
I
1(f
I
1 )
2 + 96ζ2ζ3β0A
I
1A
I
2 + 192ζ2ζ3β0G˜I,(1)1 (AI1)2 + 96ζ2ζ3β20AI1f I1
− 640ζ2ζ23 (AI1)4 +
2
5
ζ22 (f
I
1 )
4 − 8
5
ζ22A
I
2(f
I
1 )
2 − 4
5
ζ22 (A
I
2)
2 − 16
5
ζ22A
I
1f
I
1 f
I
2 −
8
5
ζ22A
I
1A
I
3
− 4
5
ζ22 G˜I,(1)2 (AI1)2 −
16
5
ζ22 G˜I,(1)1 AI1(f I1 )2 −
16
5
ζ22 G˜I,(1)1 AI1AI2 −
8
5
ζ22 (G˜I,(1)1 )2(AI1)2
− 8ζ22β1AI1f I1 −
8
5
ζ22β0(f
I
1 )
3 − 72
5
ζ22β0A
I
2f
I
1 −
48
5
ζ22β0A
I
1f
I
2 −
8
5
ζ22β0G˜I,(2)1 (AI1)2
− 112
5
ζ22β0G˜I,(1)1 AI1f I1 −
68
5
ζ22β
2
0(f
I
1 )
2 − 96
5
ζ22β
2
0 G˜I,(1)1 AI1 + 32ζ22ζ3(AI1)3f I1
+
576
5
ζ22ζ3β0(A
I
1)
3 − 872
35
ζ32 (A
I
1)
2(f I1 )
2 − 928
35
ζ32 (A
I
1)
2AI2 −
1856
105
ζ32 G˜I,(1)1 (AI1)3
− 64ζ32β0(AI1)2f I1 −
1136
35
ζ32β
2
0(A
I
1)
2 − 680
7
ζ42 (A
I
1)
4 ,
S
(4)
I,D0 = − 2f I4 −
4
3
G˜I,(1)3 f I1 − 2G˜I,(1)2 f I2 − 4G˜I,(1)1 f I3 − 4G˜I,(1)1 G˜I,(1)2 f I1 − 4(G˜I,(1)1 )2f I2
− 8
3
(G˜I,(1)1 )3f I1 − 4β2G˜I,(1)1 − 4β1G˜I,(1)2 −
8
3
β1G˜I,(2)1 f I1 − 8β1(G˜I,(1)1 )2 − 4β0G˜I,(1)3
− 8
3
β0G˜I,(2)2 f I1 − 4β0G˜I,(2)1 f I2 − 12β0G˜I,(1)1 G˜I,(1)2 − 8β0G˜I,(1)1 G˜I,(2)1 f I1 − 8β0(G˜I,(1)1 )3
− 16β0β1G˜I,(2)1 − 8β20 G˜I,(2)2 −
16
3
β20 G˜I,(3)1 f I1 − 24β20 G˜I,(1)1 G˜I,(2)1 − 16β30 G˜I,(3)1
+ 3840ζ7(A
I
1)
4 + 576ζ5(A
I
1)
2(f I1 )
2 + 576ζ5(A
I
1)
2AI2 + 384ζ5G˜I,(1)1 (AI1)3
+ 1344ζ5β0(A
I
1)
2f I1 + 512ζ5β
2
0(A
I
1)
2 +
16
3
ζ3(f
I
1 )
4 + 32ζ3A
I
2(f
I
1 )
2 + 16ζ3(A
I
2)
2
+ 64ζ3A
I
1f
I
1 f
I
2 + 32ζ3A
I
1A
I
3 + 16ζ3G˜I,(1)2 (AI1)2 + 64ζ3G˜I,(1)1 AI1(f I1 )2
+ 64ζ3G˜I,(1)1 AI1AI2 + 32ζ3(G˜I,(1)1 )2(AI1)2 + 48ζ3β1AI1f I1 + 32ζ3β0(f I1 )3
+ 64ζ3β0A
I
2f
I
1 + 80ζ3β0A
I
1f
I
2 + 32ζ3β0G˜I,(2)1 (AI1)2 + 224ζ3β0G˜I,(1)1 AI1f I1
+ 48ζ3β
2
0(f
I
1 )
2 + 160ζ3β
2
0 G˜I,(1)1 AI1 −
2240
3
ζ23 (A
I
1)
3f I1 − 704ζ23β0(AI1)3
+ 12ζ2(f
I
1 )
2f I2 + 8ζ2A
I
3f
I
1 + 8ζ2A
I
2f
I
2 + 8ζ2A
I
1f
I
3 + 8ζ2G˜I,(1)2 AI1f I1 + 8ζ2G˜I,(1)1 (f I1 )3
+ 16ζ2G˜I,(1)1 AI2f I1 + 16ζ2G˜I,(1)1 AI1f I2 + 16ζ2(G˜I,(1)1 )2AI1f I1 + 8ζ2β1(f I1 )2
– 18 –
+ 16ζ2β1G˜I,(1)1 AI1 + 24ζ2β0f I1 f I2 + 16ζ2β0G˜I,(1)2 AI1 + 16ζ2β0G˜I,(2)1 AI1f I1
+ 40ζ2β0G˜I,(1)1 (f I1 )2 + 16ζ2β0G˜I,(1)1 AI2 + 32ζ2β0(G˜I,(1)1 )2AI1 + 32ζ2β20 G˜I,(2)1 AI1
+ 48ζ2β
2
0 G˜I,(1)1 f I1 − 2304ζ2ζ5(AI1)4 − 416ζ2ζ3(AI1)2(f I1 )2 − 384ζ2ζ3(AI1)2AI2
− 256ζ2ζ3G˜I,(1)1 (AI1)3 − 832ζ2ζ3β0(AI1)2f I1 − 192ζ2ζ3β20(AI1)2 + 16ζ22AI1AI2f I1
+ 8ζ22 (A
I
1)
2f I2 + 16ζ
2
2 G˜I,(1)1 (AI1)2f I1 + 16ζ22β1(AI1)2 + 32ζ22β0AI1(f I1 )2
+ 48ζ22β0A
I
1A
I
2 + 48ζ
2
2β0G˜I,(1)1 (AI1)2 +
368
5
ζ22β
2
0A
I
1f
I
1 − 64ζ22ζ3(AI1)4
+
352
3
ζ32 (A
I
1)
3f I1 + 128ζ
3
2β0(A
I
1)
3 ,
S
(4)
I,D1 = 4(f
I
2 )
2 + 8f I1 f
I
3 + 4A
I
4 +
8
3
G˜I,(1)3 AI1 + 4G˜I,(1)2 (f I1 )2 + 4G˜I,(1)2 AI2 + 16G˜I,(1)1 f I1 f I2
+ 8G˜I,(1)1 AI3 + 8G˜I,(1)1 G˜I,(1)2 AI1 + 8(G˜I,(1)1 )2(f I1 )2 + 8(G˜I,(1)1 )2AI2 +
16
3
(G˜I,(1)1 )3AI1
+ 4β2f
I
1 + 8β1f
I
2 +
16
3
β1G˜I,(2)1 AI1 + 24β1G˜I,(1)1 f I1 + 12β0f I3 +
16
3
β0G˜I,(2)2 AI1
+ 20β0G˜I,(1)2 f I1 + 8β0G˜I,(2)1 (f I1 )2 + 8β0G˜I,(2)1 AI2 + 32β0G˜I,(1)1 f I2 + 16β0G˜I,(1)1 G˜I,(2)1 AI1
+ 40β0(G˜I,(1)1 )2f I1 + 40β0β1G˜I,(1)1 + 24β20 G˜I,(1)2 +
32
3
β20 G˜I,(3)1 AI1 + 40β20 G˜I,(2)1 f I1
+ 48β20(G˜I,(1)1 )2 + 48β30 G˜I,(2)1 − 2688ζ5(AI1)3f I1 − 2688ζ5β0(AI1)3 −
320
3
ζ3A
I
1(f
I
1 )
3
− 320ζ3AI1AI2f I1 − 160ζ3(AI1)2f I2 − 320ζ3G˜I,(1)1 (AI1)2f I1 − 96ζ3β1(AI1)2
− 416ζ3β0AI1(f I1 )2 − 288ζ3β0AI1AI2 − 512ζ3β0G˜I,(1)1 (AI1)2 − 352ζ3β20AI1f I1
+
4480
3
ζ23 (A
I
1)
4 − 8ζ2(f I1 )4 − 40ζ2AI2(f I1 )2 − 16ζ2(AI2)2 − 80ζ2AI1f I1 f I2 − 32ζ2AI1AI3
− 16ζ2G˜I,(1)2 (AI1)2 − 80ζ2G˜I,(1)1 AI1(f I1 )2 − 64ζ2G˜I,(1)1 AI1AI2 − 32ζ2(G˜I,(1)1 )2(AI1)2
− 48ζ2β1AI1f I1 − 40ζ2β0(f I1 )3 − 64ζ2β0AI2f I1 − 80ζ2β0AI1f I2 − 32ζ2β0G˜I,(2)1 (AI1)2
− 256ζ2β0G˜I,(1)1 AI1f I1 − 48ζ2β20(f I1 )2 − 160ζ2β20 G˜I,(1)1 AI1 + 1920ζ2ζ3(AI1)3f I1
+ 1664ζ2ζ3β0(A
I
1)
3 − 16ζ22 (AI1)2(f I1 )2 − 48ζ22 (AI1)2AI2 − 32ζ22 G˜I,(1)1 (AI1)3
− 176ζ22β0(AI1)2f I1 −
736
5
ζ22β
2
0(A
I
1)
2 − 704
3
ζ32 (A
I
1)
4 ,
S
(4)
I,D2 = − 12(f I1 )2f I2 − 12AI3f I1 − 12AI2f I2 − 12AI1f I3 − 12G˜
I,(1)
2 A
I
1f
I
1 − 8G˜I,(1)1 (f I1 )3
− 24G˜I,(1)1 AI2f I1 − 24G˜I,(1)1 AI1f I2 − 24(G˜I,(1)1 )2AI1f I1 − 4β2AI1 − 12β1(f I1 )2 − 8β1AI2
− 32β1G˜I,(1)1 AI1 − 36β0f I1 f I2 − 12β0AI3 − 28β0G˜I,(1)2 AI1 − 24β0G˜I,(2)1 AI1f I1
− 48β0G˜I,(1)1 (f I1 )2 − 40β0G˜I,(1)1 AI2 − 56β0(G˜I,(1)1 )2AI1 − 20β0β1f I1 − 24β20f I2
− 56β20 G˜I,(2)1 AI1 − 88β20 G˜I,(1)1 f I1 − 48β30 G˜I,(1)1 + 2688ζ5(AI1)4 + 480ζ3(AI1)2(f I1 )2
+ 480ζ3(A
I
1)
2AI2 + 320ζ3G˜I,(1)1 (AI1)3 + 1088ζ3β0(AI1)2f I1 + 352ζ3β20(AI1)2
+ 72ζ2A
I
1(f
I
1 )
3 + 192ζ2A
I
1A
I
2f
I
1 + 96ζ2(A
I
1)
2f I2 + 192ζ2G˜I,(1)1 (AI1)2f I1
+ 48ζ2β1(A
I
1)
2 + 248ζ2β0A
I
1(f
I
1 )
2 + 144ζ2β0A
I
1A
I
2 + 288ζ2β0G˜I,(1)1 (AI1)2
– 19 –
+ 176ζ2β
2
0A
I
1f
I
1 − 1920ζ2ζ3(AI1)4 + 48ζ22 (AI1)3f I1 + 176ζ22β0(AI1)3 ,
S
(4)
I,D3 =
8
3
(f I1 )
4 + 16AI2(f
I
1 )
2 + 8(AI2)
2 + 32AI1f
I
1 f
I
2 + 16A
I
1A
I
3 + 8G˜I,(1)2 (AI1)2
+ 32G˜I,(1)1 AI1(f I1 )2 + 32G˜I,(1)1 AI1AI2 + 16(G˜I,(1)1 )2(AI1)2 +
80
3
β1A
I
1f
I
1 + 16β0(f
I
1 )
3
+
112
3
β0A
I
2f
I
1 +
128
3
β0A
I
1f
I
2 + 16β0G˜I,(2)1 (AI1)2 +
352
3
β0G˜I,(1)1 AI1f I1 +
40
3
β0β1A
I
1
+
88
3
β20(f
I
1 )
2 + 16β20A
I
2 + 96β
2
0 G˜I,(1)1 AI1 + 16β30f I1 −
2240
3
ζ3(A
I
1)
3f I1
− 2176
3
ζ3β0(A
I
1)
3 − 208ζ2(AI1)2(f I1 )2 − 192ζ2(AI1)2AI2 − 128ζ2G˜I,(1)1 (AI1)3
− 1280
3
ζ2β0(A
I
1)
2f I1 −
352
3
ζ2β
2
0(A
I
1)
2 − 32ζ22 (AI1)4 ,
S
(4)
I,D4 = −
40
3
AI1(f
I
1 )
3 − 40AI1AI2f I1 − 20(AI1)2f I2 − 40G˜I,(1)1 (AI1)2f I1 −
40
3
β1(A
I
1)
2
− 160
3
β0A
I
1(f
I
1 )
2 − 40β0AI1AI2 −
200
3
β0G˜I,(1)1 (AI1)2 −
160
3
β20A
I
1f
I
1 − 8β30AI1
+
1120
3
ζ3(A
I
1)
4 + 240ζ2(A
I
1)
3f I1 +
640
3
ζ2β0(A
I
1)
3 ,
S
(4)
I,D5 = 24(A
I
1)
2(f I1 )
2 + 24(AI1)
2AI2 + 16G˜I,(1)1 (AI1)3 + 56β0(AI1)2f I1 +
64
3
β20(A
I
1)
2
− 96ζ2(AI1)4 ,
S
(4)
I,D6 = −
56
3
(AI1)
3f I1 −
56
3
β0(A
I
1)
3 ,
S
(4)
I,D7 =
16
3
(AI1)
4 . (B.2)
The symbols G˜I,jk that appear in the aforementioned soft-collinear distributions are provided
explicitly in the ancillary files with the arXiv submission.
C Soft-virtual partonic cross-section
We expand the ∆svI in (2.23) in powers of as(µ
2
R) through
∆svI
({pj · qk}, z, q2, µ2F ) = δ(1− z)|M(0)I,fin|2
+
∞∑
i=1
ais(µ
2
R)
∑
J=δ,D
∆
sv,(i)
I,J
({pj · qk}, z, q2, µ2F , µ2R) J . (C.1)
We denote the δ(1 − z) by δ. Here, we present ∆svI to fourth order for the specific scale
choice as(µ
2
F ) = as(µ
2
R) = q
2. The results with explicit dependence on µR and µF are
provided in the ancillary files supplied with the arXiv submission.
∆
sv,(1)
I,δ = |M(0)I,fin|2
{
2G˜I,(1)1
}
+ 2M(0,1)I,fin ,
∆
sv,(1)
I,D0 = |M
(0)
I,fin|2
{
− 2f I1
}
,
– 20 –
∆
sv,(1)
I,D1 = |M
(0)
I,fin|2
{
4AI1
}
,
∆
sv,(2)
I,δ = |M(0)I,fin|2
{
G˜I,(1)2 + 2(G˜I,(1)1 )2 + 2β0G˜I,(2)1 − 8ζ3AI1f I1 − 2ζ2(f I1 )2 −
4
5
ζ22 (A
I
1)
2
}
+M(1,1)I,fin + 2M(0,2)I,fin + 4G˜I,(1)1 M(0,1)I,fin ,
∆
sv,(2)
I,D0 = |M
(0)
I,fin|2
{
− 2f I2 − 4G˜I,(1)1 f I1 − 4β0G˜I,(1)1 + 16ζ3(AI1)2 + 8ζ2AI1f I1
}
− 4f I1M(0,1)I,fin ,
∆
sv,(2)
I,D1 = |M
(0)
I,fin|2
{
4(f I1 )
2 + 4AI2 + 8G˜I,(1)1 AI1 + 4β0f I1 − 16ζ2(AI1)2
}
+ 8AI1M(0,1)I,fin ,
∆
sv,(2)
I,D2 = |M
(0)
I,fin|2
{
− 12AI1f I1 − 4β0AI1
}
,
∆
sv,(2)
I,D3 = |M
(0)
I,fin|2
{
8(AI1)
2
}
,
∆
sv,(3)
I,δ = |M(0)I,fin|2
{
2
3
G˜I,(1)3 + 2G˜I,(1)1 G˜I,(1)2 +
4
3
(G˜I,(1)1 )3 +
4
3
β1G˜I,(2)1 +
4
3
β0G˜I,(2)2
+ 4β0G˜I,(1)1 G˜I,(2)1 +
8
3
β20 G˜I,(3)1 − 96ζ5(AI1)2f I1 − 64ζ5β0(AI1)2 −
8
3
ζ3(f
I
1 )
3
− 8ζ3AI2f I1 − 8ζ3AI1f I2 − 16ζ3G˜I,(1)1 AI1f I1 − 8ζ3β0(f I1 )2 − 16ζ3β0G˜I,(1)1 AI1
+
160
3
ζ23 (A
I
1)
3 − 4ζ2f I1 f I2 − 4ζ2G˜I,(1)1 (f I1 )2 − 8ζ2β0G˜I,(1)1 f I1 + 64ζ2ζ3(AI1)2f I1
+ 32ζ2ζ3β0(A
I
1)
2 − 8
5
ζ22A
I
1(f
I
1 )
2 − 8
5
ζ22A
I
1A
I
2 −
8
5
ζ22 G˜I,(1)1 (AI1)2 − 8ζ22β0AI1f I1
− 928
105
ζ32 (A
I
1)
3
}
+ 2M(1,2)I,fin + 2M(0,3)I,fin + 2G˜I,(1)2 M(0,1)I,fin + 2G˜I,(1)1 M(1,1)I,fin
+ 4G˜I,(1)1 M(0,2)I,fin + 4(G˜I,(1)1 )2M(0,1)I,fin + 4β0G˜I,(2)1 M(0,1)I,fin − 16ζ3AI1f I1M(0,1)I,fin
− 4ζ2(f I1 )2M(0,1)I,fin −
8
5
ζ22 (A
I
1)
2M(0,1)I,fin ,
∆
sv,(3)
I,D0 = |M
(0)
I,fin|2
{
− 2f I3 − 2G˜I,(1)2 f I1 − 4G˜I,(1)1 f I2 − 4(G˜I,(1)1 )2f I1 − 4β1G˜I,(1)1 − 4β0G˜I,(1)2
− 4β0G˜I,(2)1 f I1 − 8β0(G˜I,(1)1 )2 − 8β20 G˜I,(2)1 + 192ζ5(AI1)3 + 32ζ3AI1(f I1 )2
+ 32ζ3A
I
1A
I
2 + 32ζ3G˜I,(1)1 (AI1)2 + 48ζ3β0AI1f I1 + 4ζ2(f I1 )3 + 8ζ2AI2f I1 + 8ζ2AI1f I2
+ 16ζ2G˜I,(1)1 AI1f I1 + 8ζ2β0(f I1 )2 + 16ζ2β0G˜I,(1)1 AI1 − 128ζ2ζ3(AI1)3 + 8ζ22 (AI1)2f I1
+ 16ζ22β0(A
I
1)
2
}
− 4f I2M(0,1)I,fin − 2f I1M(1,1)I,fin − 4f I1M(0,2)I,fin − 8G˜I,(1)1 f I1M(0,1)I,fin
− 8β0G˜I,(1)1 M(0,1)I,fin + 32ζ3(AI1)2M(0,1)I,fin + 16ζ2AI1f I1M(0,1)I,fin ,
∆
sv,(3)
I,D1 = |M
(0)
I,fin|2
{
8f I1 f
I
2 + 4A
I
3 + 4G˜I,(1)2 AI1 + 8G˜I,(1)1 (f I1 )2 + 8G˜I,(1)1 AI2 + 8(G˜I,(1)1 )2AI1
+ 4β1f
I
1 + 8β0f
I
2 + 8β0G˜I,(2)1 AI1 + 24β0G˜I,(1)1 f I1 + 16β20 G˜I,(1)1 − 160ζ3(AI1)2f I1
− 96ζ3β0(AI1)2 − 40ζ2AI1(f I1 )2 − 32ζ2AI1AI2 − 32ζ2G˜I,(1)1 (AI1)2 − 48ζ2β0AI1f I1
– 21 –
− 16ζ22 (AI1)3
}
+ 8(f I1 )
2M(0,1)I,fin + 8AI2M(0,1)I,fin + 4AI1M(1,1)I,fin + 8AI1M(0,2)I,fin
+ 16G˜I,(1)1 AI1M(0,1)I,fin + 8β0f I1M(0,1)I,fin − 32ζ2(AI1)2M(0,1)I,fin ,
∆
sv,(3)
I,D2 = |M
(0)
I,fin|2
{
− 4(f I1 )3 − 12AI2f I1 − 12AI1f I2 − 24G˜I,(1)1 AI1f I1 − 4β1AI1 − 12β0(f I1 )2
− 8β0AI2 − 32β0G˜I,(1)1 AI1 − 8β20f I1 + 160ζ3(AI1)3 + 96ζ2(AI1)2f I1 + 48ζ2β0(AI1)2
}
− 24AI1f I1M(0,1)I,fin − 8β0AI1M(0,1)I,fin ,
∆
sv,(3)
I,D3 = |M
(0)
I,fin|2
{
16AI1(f
I
1 )
2 + 16AI1A
I
2 + 16G˜I,(1)1 (AI1)2 +
80
3
β0A
I
1f
I
1 +
16
3
β20A
I
1
− 64ζ2(AI1)3
}
+ 16(AI1)
2M(0,1)I,fin ,
∆
sv,(3)
I,D4 = |M
(0)
I,fin|2
{
− 20(AI1)2f I1 −
40
3
β0(A
I
1)
2
}
,
∆
sv,(3)
I,D5 = |M
(0)
I,fin|2
{
8(AI1)
3
}
,
∆
sv,(4)
I,δ = |M(0)I,fin|2
{
1
2
G˜I,(1)4 +
1
2
(G˜I,(1)2 )2 +
4
3
G˜I,(1)1 G˜I,(1)3 + 2(G˜I,(1)1 )2G˜I,(1)2 +
2
3
(G˜I,(1)1 )4
+ β2G˜I,(2)1 + β1G˜I,(2)2 +
8
3
β1G˜I,(1)1 G˜I,(2)1 + β0G˜I,(2)3 + 2β0G˜I,(2)1 G˜I,(1)2
+
8
3
β0G˜I,(1)1 G˜I,(2)2 + 4β0(G˜I,(1)1 )2G˜I,(2)1 + 4β0β1G˜I,(3)1 + 2β20 G˜I,(3)2 + 2β20(G˜I,(2)1 )2
+
16
3
β20 G˜I,(1)1 G˜I,(3)1 + 4β30 G˜I,(4)1 − 1920ζ7(AI1)3f I1 − 1920ζ7β0(AI1)3 − 64ζ5AI1(f I1 )3
− 192ζ5AI1AI2f I1 − 96ζ5(AI1)2f I2 − 192ζ5G˜I,(1)1 (AI1)2f I1 − 64ζ5β1(AI1)2
− 256ζ5β0AI1(f I1 )2 − 192ζ5β0AI1AI2 − 320ζ5β0G˜I,(1)1 (AI1)2 − 256ζ5β20AI1f I1
− 8ζ3(f I1 )2f I2 − 8ζ3AI3f I1 − 8ζ3AI2f I2 − 8ζ3AI1f I3 − 8ζ3G˜I,(1)2 AI1f I1
− 16
3
ζ3G˜I,(1)1 (f I1 )3 − 16ζ3G˜I,(1)1 AI2f I1 − 16ζ3G˜I,(1)1 AI1f I2 − 16ζ3(G˜I,(1)1 )2AI1f I1
− 8ζ3β1(f I1 )2 − 16ζ3β1G˜I,(1)1 AI1 − 24ζ3β0f I1 f I2 − 16ζ3β0G˜I,(1)2 AI1
− 16ζ3β0G˜I,(2)1 AI1f I1 − 32ζ3β0G˜I,(1)1 (f I1 )2 − 16ζ3β0G˜I,(1)1 AI2 − 32ζ3β0(G˜I,(1)1 )2AI1
− 32ζ3β20 G˜I,(2)1 AI1 − 48ζ3β20 G˜I,(1)1 f I1 + 1792ζ3ζ5(AI1)4 + 160ζ23 (AI1)2(f I1 )2
+ 160ζ23 (A
I
1)
2AI2 +
320
3
ζ23 G˜I,(1)1 (AI1)3 + 352ζ23β0(AI1)2f I1 + 96ζ23β20(AI1)2
− 2ζ2(f I2 )2 − 4ζ2f I1 f I3 − 2ζ2G˜I,(1)2 (f I1 )2 − 8ζ2G˜I,(1)1 f I1 f I2 − 4ζ2(G˜I,(1)1 )2(f I1 )2
− 8ζ2β1G˜I,(1)1 f I1 − 8ζ2β0G˜I,(1)2 f I1 − 4ζ2β0G˜I,(2)1 (f I1 )2 − 8ζ2β0G˜I,(1)1 f I2
− 16ζ2β0(G˜I,(1)1 )2f I1 − 16ζ2β20 G˜I,(2)1 f I1 − 8ζ2β20(G˜I,(1)1 )2 + 1152ζ2ζ5(AI1)3f I1
+ 1024ζ2ζ5β0(A
I
1)
3 + 48ζ2ζ3A
I
1(f
I
1 )
3 + 128ζ2ζ3A
I
1A
I
2f
I
1 + 64ζ2ζ3(A
I
1)
2f I2
+ 128ζ2ζ3G˜I,(1)1 (AI1)2f I1 + 32ζ2ζ3β1(AI1)2 + 160ζ2ζ3β0AI1(f I1 )2 + 96ζ2ζ3β0AI1AI2
– 22 –
+ 192ζ2ζ3β0G˜I,(1)1 (AI1)2 + 96ζ2ζ3β20AI1f I1 − 640ζ2ζ23 (AI1)4 +
2
5
ζ22 (f
I
1 )
4
− 8
5
ζ22A
I
2(f
I
1 )
2 − 4
5
ζ22 (A
I
2)
2 − 16
5
ζ22A
I
1f
I
1 f
I
2 −
8
5
ζ22A
I
1A
I
3 −
4
5
ζ22 G˜I,(1)2 (AI1)2
− 16
5
ζ22 G˜I,(1)1 AI1(f I1 )2 −
16
5
ζ22 G˜I,(1)1 AI1AI2 −
8
5
ζ22 (G˜I,(1)1 )2(AI1)2 − 8ζ22β1AI1f I1
− 8
5
ζ22β0(f
I
1 )
3 − 72
5
ζ22β0A
I
2f
I
1 −
48
5
ζ22β0A
I
1f
I
2 −
8
5
ζ22β0G˜I,(2)1 (AI1)2
− 112
5
ζ22β0G˜I,(1)1 AI1f I1 −
68
5
ζ22β
2
0(f
I
1 )
2 − 96
5
ζ22β
2
0 G˜I,(1)1 AI1 + 32ζ22ζ3(AI1)3f I1
+
576
5
ζ22ζ3β0(A
I
1)
3 − 872
35
ζ32 (A
I
1)
2(f I1 )
2 − 928
35
ζ32 (A
I
1)
2AI2 −
1856
105
ζ32 G˜I,(1)1 (AI1)3
− 64ζ32β0(AI1)2f I1 −
1136
35
ζ32β
2
0(A
I
1)
2 − 680
7
ζ42 (A
I
1)
4
}
+M(2,2)I,fin + 2M(1,3)I,fin
+ 2M(0,4)I,fin +
4
3
G˜I,(1)3 M(0,1)I,fin + G˜I,(1)2 M(1,1)I,fin + 2G˜I,(1)2 M(0,2)I,fin + 4G˜I,(1)1 M(1,2)I,fin
+ 4G˜I,(1)1 M(0,3)I,fin + 4G˜I,(1)1 G˜I,(1)2 M(0,1)I,fin + 2(G˜I,(1)1 )2M(1,1)I,fin + 4(G˜I,(1)1 )2M(0,2)I,fin
+
8
3
(G˜I,(1)1 )3M(0,1)I,fin +
8
3
β1G˜I,(2)1 M(0,1)I,fin +
8
3
β0G˜I,(2)2 M(0,1)I,fin + 2β0G˜I,(2)1 M(1,1)I,fin
+ 4β0G˜I,(2)1 M(0,2)I,fin + 8β0G˜I,(1)1 G˜I,(2)1 M(0,1)I,fin +
16
3
β20 G˜I,(3)1 M(0,1)I,fin
− 192ζ5(AI1)2f I1M(0,1)I,fin − 128ζ5β0(AI1)2M(0,1)I,fin −
16
3
ζ3(f
I
1 )
3M(0,1)I,fin
− 16ζ3AI2f I1M(0,1)I,fin − 16ζ3AI1f I2M(0,1)I,fin − 8ζ3AI1f I1M(1,1)I,fin − 16ζ3AI1f I1M(0,2)I,fin
− 32ζ3G˜I,(1)1 AI1f I1M(0,1)I,fin − 16ζ3β0(f I1 )2M(0,1)I,fin − 32ζ3β0G˜I,(1)1 AI1M(0,1)I,fin
+
320
3
ζ23 (A
I
1)
3M(0,1)I,fin − 8ζ2f I1 f I2M(0,1)I,fin − 2ζ2(f I1 )2M(1,1)I,fin − 4ζ2(f I1 )2M(0,2)I,fin
− 8ζ2G˜I,(1)1 (f I1 )2M(0,1)I,fin − 16ζ2β0G˜I,(1)1 f I1M(0,1)I,fin + 128ζ2ζ3(AI1)2f I1M(0,1)I,fin
+ 64ζ2ζ3β0(A
I
1)
2M(0,1)I,fin −
16
5
ζ22A
I
1(f
I
1 )
2M(0,1)I,fin −
16
5
ζ22A
I
1A
I
2M(0,1)I,fin
− 4
5
ζ22 (A
I
1)
2M(1,1)I,fin −
8
5
ζ22 (A
I
1)
2M(0,2)I,fin −
16
5
ζ22 G˜I,(1)1 (AI1)2M(0,1)I,fin
− 16ζ22β0AI1f I1M(0,1)I,fin −
1856
105
ζ32 (A
I
1)
3M(0,1)I,fin ,
∆
sv,(4)
I,D0 = |M
(0)
I,fin|2
{
− 2f I4 −
4
3
G˜I,(1)3 f I1 − 2G˜I,(1)2 f I2 − 4G˜I,(1)1 f I3 − 4G˜I,(1)1 G˜I,(1)2 f I1
− 4(G˜I,(1)1 )2f I2 −
8
3
(G˜I,(1)1 )3f I1 − 4β2G˜I,(1)1 − 4β1G˜I,(1)2 −
8
3
β1G˜I,(2)1 f I1
− 8β1(G˜I,(1)1 )2 − 4β0G˜I,(1)3 −
8
3
β0G˜I,(2)2 f I1 − 4β0G˜I,(2)1 f I2 − 12β0G˜I,(1)1 G˜I,(1)2
− 8β0G˜I,(1)1 G˜I,(2)1 f I1 − 8β0(G˜I,(1)1 )3 − 16β0β1G˜I,(2)1 − 8β20 G˜I,(2)2 −
16
3
β20 G˜I,(3)1 f I1
− 24β20 G˜I,(1)1 G˜I,(2)1 − 16β30 G˜I,(3)1 + 3840ζ7(AI1)4 + 576ζ5(AI1)2(f I1 )2
+ 576ζ5(A
I
1)
2AI2 + 384ζ5G˜I,(1)1 (AI1)3 + 1344ζ5β0(AI1)2f I1 + 512ζ5β20(AI1)2
– 23 –
+
16
3
ζ3(f
I
1 )
4 + 32ζ3A
I
2(f
I
1 )
2 + 16ζ3(A
I
2)
2 + 64ζ3A
I
1f
I
1 f
I
2 + 32ζ3A
I
1A
I
3
+ 16ζ3G˜I,(1)2 (AI1)2 + 64ζ3G˜I,(1)1 AI1(f I1 )2 + 64ζ3G˜I,(1)1 AI1AI2 + 32ζ3(G˜I,(1)1 )2(AI1)2
+ 48ζ3β1A
I
1f
I
1 + 32ζ3β0(f
I
1 )
3 + 64ζ3β0A
I
2f
I
1 + 80ζ3β0A
I
1f
I
2 + 32ζ3β0G˜I,(2)1 (AI1)2
+ 224ζ3β0G˜I,(1)1 AI1f I1 + 48ζ3β20(f I1 )2 + 160ζ3β20 G˜I,(1)1 AI1 −
2240
3
ζ23 (A
I
1)
3f I1
− 704ζ23β0(AI1)3 + 12ζ2(f I1 )2f I2 + 8ζ2AI3f I1 + 8ζ2AI2f I2 + 8ζ2AI1f I3 + 8ζ2G˜I,(1)2 AI1f I1
+ 8ζ2G˜I,(1)1 (f I1 )3 + 16ζ2G˜I,(1)1 AI2f I1 + 16ζ2G˜I,(1)1 AI1f I2 + 16ζ2(G˜I,(1)1 )2AI1f I1
+ 8ζ2β1(f
I
1 )
2 + 16ζ2β1G˜I,(1)1 AI1 + 24ζ2β0f I1 f I2 + 16ζ2β0G˜I,(1)2 AI1
+ 16ζ2β0G˜I,(2)1 AI1f I1 + 40ζ2β0G˜I,(1)1 (f I1 )2 + 16ζ2β0G˜I,(1)1 AI2 + 32ζ2β0(G˜I,(1)1 )2AI1
+ 32ζ2β
2
0 G˜I,(2)1 AI1 + 48ζ2β20 G˜I,(1)1 f I1 − 2304ζ2ζ5(AI1)4 − 416ζ2ζ3(AI1)2(f I1 )2
− 384ζ2ζ3(AI1)2AI2 − 256ζ2ζ3G˜I,(1)1 (AI1)3 − 832ζ2ζ3β0(AI1)2f I1 − 192ζ2ζ3β20(AI1)2
+ 16ζ22A
I
1A
I
2f
I
1 + 8ζ
2
2 (A
I
1)
2f I2 + 16ζ
2
2 G˜I,(1)1 (AI1)2f I1 + 16ζ22β1(AI1)2
+ 32ζ22β0A
I
1(f
I
1 )
2 + 48ζ22β0A
I
1A
I
2 + 48ζ
2
2β0G˜I,(1)1 (AI1)2 +
368
5
ζ22β
2
0A
I
1f
I
1
− 64ζ22ζ3(AI1)4 +
352
3
ζ32 (A
I
1)
3f I1 + 128ζ
3
2β0(A
I
1)
3
}
− 4f I3M(0,1)I,fin − 2f I2M(1,1)I,fin
− 4f I2M(0,2)I,fin − 4f I1M(1,2)I,fin − 4f I1M(0,3)I,fin − 4G˜I,(1)2 f I1M(0,1)I,fin − 8G˜I,(1)1 f I2M(0,1)I,fin
− 4G˜I,(1)1 f I1M(1,1)I,fin − 8G˜I,(1)1 f I1M(0,2)I,fin − 8(G˜I,(1)1 )2f I1M(0,1)I,fin − 8β1G˜I,(1)1 M(0,1)I,fin
− 8β0G˜I,(1)2 M(0,1)I,fin − 8β0G˜I,(2)1 f I1M(0,1)I,fin − 4β0G˜I,(1)1 M(1,1)I,fin − 8β0G˜I,(1)1 M(0,2)I,fin
− 16β0(G˜I,(1)1 )2M(0,1)I,fin − 16β20 G˜I,(2)1 M(0,1)I,fin + 384ζ5(AI1)3M(0,1)I,fin
+ 64ζ3A
I
1(f
I
1 )
2M(0,1)I,fin + 64ζ3AI1AI2M(0,1)I,fin + 16ζ3(AI1)2M(1,1)I,fin + 32ζ3(AI1)2M(0,2)I,fin
+ 64ζ3G˜I,(1)1 (AI1)2M(0,1)I,fin + 96ζ3β0AI1f I1M(0,1)I,fin + 8ζ2(f I1 )3M(0,1)I,fin
+ 16ζ2A
I
2f
I
1M(0,1)I,fin + 16ζ2AI1f I2M(0,1)I,fin + 8ζ2AI1f I1M(1,1)I,fin + 16ζ2AI1f I1M(0,2)I,fin
+ 32ζ2G˜I,(1)1 AI1f I1M(0,1)I,fin + 16ζ2β0(f I1 )2M(0,1)I,fin + 32ζ2β0G˜I,(1)1 AI1M(0,1)I,fin
− 256ζ2ζ3(AI1)3M(0,1)I,fin + 16ζ22 (AI1)2f I1M(0,1)I,fin + 32ζ22β0(AI1)2M(0,1)I,fin ,
∆
sv,(4)
I,D1 = |M
(0)
I,fin|2
{
4(f I2 )
2 + 8f I1 f
I
3 + 4A
I
4 +
8
3
G˜I,(1)3 AI1 + 4G˜I,(1)2 (f I1 )2 + 4G˜I,(1)2 AI2
+ 16G˜I,(1)1 f I1 f I2 + 8G˜I,(1)1 AI3 + 8G˜I,(1)1 G˜I,(1)2 AI1 + 8(G˜I,(1)1 )2(f I1 )2 + 8(G˜I,(1)1 )2AI2
+
16
3
(G˜I,(1)1 )3AI1 + 4β2f I1 + 8β1f I2 +
16
3
β1G˜I,(2)1 AI1 + 24β1G˜I,(1)1 f I1 + 12β0f I3
+
16
3
β0G˜I,(2)2 AI1 + 20β0G˜I,(1)2 f I1 + 8β0G˜I,(2)1 (f I1 )2 + 8β0G˜I,(2)1 AI2 + 32β0G˜I,(1)1 f I2
+ 16β0G˜I,(1)1 G˜I,(2)1 AI1 + 40β0(G˜I,(1)1 )2f I1 + 40β0β1G˜I,(1)1 + 24β20 G˜I,(1)2
+
32
3
β20 G˜I,(3)1 AI1 + 40β20 G˜I,(2)1 f I1 + 48β20(G˜I,(1)1 )2 + 48β30 G˜I,(2)1 − 2688ζ5(AI1)3f I1
– 24 –
− 2688ζ5β0(AI1)3 −
320
3
ζ3A
I
1(f
I
1 )
3 − 320ζ3AI1AI2f I1 − 160ζ3(AI1)2f I2
− 320ζ3G˜I,(1)1 (AI1)2f I1 − 96ζ3β1(AI1)2 − 416ζ3β0AI1(f I1 )2 − 288ζ3β0AI1AI2
− 512ζ3β0G˜I,(1)1 (AI1)2 − 352ζ3β20AI1f I1 +
4480
3
ζ23 (A
I
1)
4 − 8ζ2(f I1 )4 − 40ζ2AI2(f I1 )2
− 16ζ2(AI2)2 − 80ζ2AI1f I1 f I2 − 32ζ2AI1AI3 − 16ζ2G˜I,(1)2 (AI1)2 − 80ζ2G˜I,(1)1 AI1(f I1 )2
− 64ζ2G˜I,(1)1 AI1AI2 − 32ζ2(G˜I,(1)1 )2(AI1)2 − 48ζ2β1AI1f I1 − 40ζ2β0(f I1 )3
− 64ζ2β0AI2f I1 − 80ζ2β0AI1f I2 − 32ζ2β0G˜I,(2)1 (AI1)2 − 256ζ2β0G˜I,(1)1 AI1f I1
− 48ζ2β20(f I1 )2 − 160ζ2β20 G˜I,(1)1 AI1 + 1920ζ2ζ3(AI1)3f I1 + 1664ζ2ζ3β0(AI1)3
− 16ζ22 (AI1)2(f I1 )2 − 48ζ22 (AI1)2AI2 − 32ζ22 G˜I,(1)1 (AI1)3 − 176ζ22β0(AI1)2f I1
− 736
5
ζ22β
2
0(A
I
1)
2 − 704
3
ζ32 (A
I
1)
4
}
+ 16f I1 f
I
2M(0,1)I,fin + 4(f I1 )2M(1,1)I,fin + 8(f I1 )2M(0,2)I,fin
+ 8AI3M(0,1)I,fin + 4AI2M(1,1)I,fin + 8AI2M(0,2)I,fin + 8AI1M(1,2)I,fin + 8AI1M(0,3)I,fin
+ 8G˜I,(1)2 AI1M(0,1)I,fin + 16G˜I,(1)1 (f I1 )2M(0,1)I,fin + 16G˜I,(1)1 AI2M(0,1)I,fin + 8G˜I,(1)1 AI1M(1,1)I,fin
+ 16G˜I,(1)1 AI1M(0,2)I,fin + 16(G˜I,(1)1 )2AI1M(0,1)I,fin + 8β1f I1M(0,1)I,fin + 16β0f I2M(0,1)I,fin
+ 4β0f
I
1M(1,1)I,fin + 8β0f I1M(0,2)I,fin + 16β0G˜I,(2)1 AI1M(0,1)I,fin + 48β0G˜I,(1)1 f I1M(0,1)I,fin
+ 32β20 G˜I,(1)1 M(0,1)I,fin − 320ζ3(AI1)2f I1M(0,1)I,fin − 192ζ3β0(AI1)2M(0,1)I,fin
− 80ζ2AI1(f I1 )2M(0,1)I,fin − 64ζ2AI1AI2M(0,1)I,fin − 16ζ2(AI1)2M(1,1)I,fin − 32ζ2(AI1)2M(0,2)I,fin
− 64ζ2G˜I,(1)1 (AI1)2M(0,1)I,fin − 96ζ2β0AI1f I1M(0,1)I,fin − 32ζ22 (AI1)3M(0,1)I,fin ,
∆
sv,(4)
I,D2 = |M
(0)
I,fin|2
{
− 12(f I1 )2f I2 − 12AI3f I1 − 12AI2f I2 − 12AI1f I3 − 12G˜I,(1)2 AI1f I1
− 8G˜I,(1)1 (f I1 )3 − 24G˜I,(1)1 AI2f I1 − 24G˜I,(1)1 AI1f I2 − 24(G˜I,(1)1 )2AI1f I1 − 4β2AI1
− 12β1(f I1 )2 − 8β1AI2 − 32β1G˜I,(1)1 AI1 − 36β0f I1 f I2 − 12β0AI3 − 28β0G˜I,(1)2 AI1
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− 64β0G˜I,(1)1 AI1M(0,1)I,fin − 16β20f I1M(0,1)I,fin + 320ζ3(AI1)3M(0,1)I,fin
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∆
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. (C.2)
In the aforementioned equations, we define
M(m,n)I,fin ≡ Real
(
〈M(m)I |M(n)I 〉fin
)
(C.3)
where, |M(n)I 〉 is the UV renormalized pure virtual amplitude at n-th order in as as intro-
duced in (2.14).
D Soft-collinear distribution for threshold resummation
The universal soft-collinear operator, defined in (3.4), that is required to obtain the re-
summed cross-section in z-space is expanded in powers of as(µ
2
R) as
SIres,δ(q
2, µ2R, µ
2
F ) = 1 +
∞∑
i=1
ais(µ
2
R)S
I,(i)
res,δ(q
2, µ2R, µ
2
F ) . (D.1)
– 26 –
We present the results for q2 = µ2R = µ
2
F below to fourth order in coupling constant. The
result with explicit scale dependence can be obtained from the ancillary files provided with
the arXiv submission.
SI,(1)res,δ = 2G˜I,(1)1 ,
SI(2)res,δ = G˜I,(1)2 + 2(G˜I,(1)1 )2 + 2β0G˜I,(2)1 ,
SI(3)res,δ =
2
3
G˜I,(1)3 + 2G˜I,(1)1 G˜I,(1)2 +
4
3
(G˜I,(1)1 )3 +
4
3
β1G˜I,(2)1 +
4
3
β0G˜I,(2)2 + 4β0G˜I,(1)1 G˜I,(2)1
+
8
3
β20 G˜I,(3)1 ,
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1
2
G˜I,(1)4 +
1
2
(G˜I,(1)2 )2 +
4
3
G˜I,(1)1 G˜I,(1)3 + 2(G˜I,(1)1 )2G˜I,(1)2 +
2
3
(G˜I,(1)1 )4 + β2G˜I,(2)1
+ β1G˜I,(2)2 +
8
3
β1G˜I,(1)1 G˜I,(2)1 + β0G˜I,(2)3 + 2β0G˜I,(2)1 G˜I,(1)2 +
8
3
β0G˜I,(1)1 G˜I,(2)2
+ 4β0(G˜I,(1)1 )2G˜I,(2)1 + 4β0β1G˜I,(3)1 + 2β20 G˜I,(3)2 + 2β20(G˜I,(2)1 )2 +
16
3
β20 G˜I,(1)1 G˜I,(3)1
+ 4β30 G˜I,(4)1 . (D.2)
E Universal quantities for resummation
By expanding the exp
(
G
I
0(q
2, µ2R)
)
, as defined in (3.11), in powers of ais(µ
2
R) as
exp
(
G
I
0(q
2, µ2R)
)
= 1 +
∞∑
i=1
ais(µ
2
R)G˜
I
0,i(q
2, µ2R) , (E.1)
we present the general results to fourth order in QCD for µ2R = q
2. The complete result
containing the explicit scale dependence is provided with the arXiv submission.
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I
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I
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0,4 =
192
5
ζ5β
3
0A
I
1 +
8
3
ζ3β2A
I
1 +
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+
2
3
ζ42 (A
I
1)
4 . (E.2)
In the context of threshold resummation in Mellin space, the other universal quantity
G
I
N¯ (q
2, µ2F ) is also expanded in powers of as(µ
2
R) in (3.12). The general results of the
expansion coefficients in terms of universal quantities are presented to N3LL accuracy in
the ancillary file supplied with the arXiv submission.
F Explicit results at N4LO for Drell-Yan and Higgs boson production
Below we present the results of ∆svI for Drell-Yan (I = q) and the Higgs boson production
via gluon fusion (I = g) as well as bottom quark annihilation (I = b) at fourth order in
strong coupling constant with the scale choice as µ2F = µ
2
R = q
2. We provide only the
newly computed parts. The coefficients of D2 to D7 can be found in ref. [22] for all the
three processes. The D1 parts for I = q, g were presented in the version 1 of the ref. [23].
The coefficients of D0 for Drell-Yan and the Higgs boson production in gluon fusion are
consistent with the results presented in ref. [75] after we make use of the available results of
soft [53] and collinear [19] anomalous dimensions. To obtain the soft anomalous dimension
for the gluon from that of quark [53], we use the generalized Casimir scaling. The D0 part
of the Higgs boson production through bottom quark annihilation differs from that of Drell-
Yan only because of the Yukawa coupling. For readers’ convenience, we explicitly present
the new results including the D0 part for I = b. The results with explicit dependence on µR
and µF are provided up to N
4LO in the ancillary files supplied with the arXiv submission.
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A
[
4432795339
236196
− 14368
45
ζ5,3 +
191542
9
ζ7 +
7232512
243
ζ5
+
433756822
6561
ζ3 − 56606
9
ζ3ζ5 − 17298667
729
ζ23 −
484431923
6561
ζ2 +
1589996
135
ζ2ζ5
+
123525268
729
ζ2ζ3 − 95108
27
ζ2ζ
2
3 −
52607237
3645
ζ22 −
13402286
405
ζ22ζ3 −
3856
135
ζ32
+
433849
375
ζ42
]
+ C3Fnf
[
42292165
26244
+
4134164
63
ζ7 +
12703004
405
ζ5 +
3439907
243
ζ3
− 1498604
81
ζ23 −
713072
81
ζ2 − 139808
3
ζ2ζ5 +
301096
81
ζ2ζ3 − 450404
1215
ζ22
− 232048
27
ζ22ζ3 +
9356848
2835
ζ32
]
+ C3FCA
[
− 123478228
6561
− 46048
15
ζ5,3 − 8449718
21
ζ7
− 84828502
405
ζ5 +
90494864
729
ζ3 +
288728
5
ζ3ζ5 +
7112530
81
ζ23 +
16073350
243
ζ2
+
2160104
9
ζ2ζ5 − 5325596
81
ζ2ζ3 − 423232
9
ζ2ζ
2
3 +
30325238
1215
ζ22 +
5244104
135
ζ22ζ3
− 88860088
2835
ζ32 −
12244
1125
ζ42
]
+ C4F
[
31207 +
10304
3
ζ5,3 + 34896ζ7 +
1158368
15
ζ5
− 472894
3
ζ3 +
19003904
45
ζ3ζ5 +
381148
27
ζ23 − 20237ζ2 +
49056
5
ζ2ζ5 +
157904
9
ζ2ζ3
– 31 –
− 3502208
27
ζ2ζ
2
3 −
300664
15
ζ22 +
37936
5
ζ22ζ3 +
4372432
315
ζ32 −
16309024
525
ζ42
]
+ nf
[
1
2
χb1
]
+ n0f
[
1
2
χb2
]}
+D1
{
dabcdF d
abcd
A
NF
[
14080
3
ζ5 +
512
3
ζ3 − 1536ζ23 − 512ζ2
− 31744
35
ζ32
]
+ nf
dabcdF d
abcd
F
NF
[
− 5120
3
ζ5 − 1024
3
ζ3 + 1024ζ2
]
+ CFn
3
f
[
− 16000
729
+
512
9
ζ3 +
2560
27
ζ2
]
+ CFCAn
2
f
[
232180
243
− 9280
9
ζ3 − 57920
27
ζ2 +
2048
15
ζ22
]
+ CFC
2
Anf
[
− 2285548
243
− 5440
9
ζ5 +
28000
3
ζ3 +
407776
27
ζ2 + 128ζ2ζ3 − 9856
5
ζ22
]
+ CFC
3
A
[
18081268
729
+
61600
9
ζ5 − 289312
9
ζ3 − 64ζ23 −
303328
9
ζ2 + 2112ζ2ζ3
+
21824
3
ζ22 −
80128
105
ζ32
]
+ C2Fn
2
f
[
492040
729
− 350848
81
ζ3 − 31616
27
ζ2 +
7168
135
ζ22
]
+ C2FCAnf
[
− 4974308
729
+ 512ζ5 +
4282880
81
ζ3 +
1484896
81
ζ2 − 8192ζ2ζ3
− 432896
135
ζ22
]
+ C2FC
2
A
[
9682720
729
− 1344ζ5 − 12217792
81
ζ3 +
3008
3
ζ23 −
4981888
81
ζ2
+
175232
3
ζ2ζ3 +
2456128
135
ζ22 −
1150592
315
ζ32
]
+ C3Fnf
[
432 +
1010944
9
ζ5
+
434240
27
ζ3 − 14144
27
ζ2 − 748544
9
ζ2ζ3 +
1327232
135
ζ22
]
+ C3FCA
[
− 29984
9
− 5730688
9
ζ5 − 1764608
27
ζ3 +
224512
3
ζ23 +
624032
27
ζ2 +
3860864
9
ζ2ζ3 − 9003968
135
ζ22
+
794624
63
ζ32
]
+ C4F
[
17248
3
+ 13568ζ5 − 19008ζ3 + 1148416
3
ζ23 −
21088
3
ζ2
+ 14336ζ2ζ3 +
18816
5
ζ22 −
4450816
63
ζ32
]}
+D0
{
dabcdF d
abcd
A
NF
[
− 2f q
4,dabcdF d
abcd
A
]
+ nf
dabcdF d
abcd
F
NF
[
768 + 4bq
4,dabcdF d
abcd
F
+
43520
9
ζ5 +
10624
9
ζ3 − 2432
3
ζ23 −
9088
3
ζ2
− 256ζ2ζ3 + 640
3
ζ22 −
18944
315
ζ32
]
+ CFn
3
f
[
10432
2187
− 3680
81
ζ3 − 3200
81
ζ2 +
224
45
ζ22
]
+ CFCAn
2
f
[
− 898033
2916
+
608
3
ζ5 +
87280
81
ζ3 +
293528
243
ζ2 − 608
9
ζ2ζ3 − 3488
15
ζ22
]
+ CFC
2
Anf
[
10761379
2916
− 2bq
4,nfC
2
FCA
− bq
4,nfC
3
F
− 1
12
bq
4,dabcdF d
abcd
F
− 29552
27
ζ5
− 948884
81
ζ3 − 9736
9
ζ23 −
2418814
243
ζ2 +
28064
9
ζ2ζ3 +
85312
27
ζ22 −
52688
189
ζ32
]
+ CFC
3
A
[
− 28325071
2187
+
1
12
f q
4,dabcdF d
abcd
A
+ 3400ζ7 − 49840
9
ζ5 +
867584
27
ζ3
− 4664
3
ζ23 +
5761670
243
ζ2 + 832ζ2ζ5 − 119624
9
ζ2ζ3 − 301264
45
ζ22 + 576ζ
2
2ζ3
– 32 –
+
334312
315
ζ32
]
+ C2Fn
2
f
[
− 309953
729
+
33056
9
ζ5 +
124976
81
ζ3 +
314240
729
ζ2
− 79360
27
ζ2ζ3 +
6976
27
ζ22
]
+ C2FCAnf
[
5590667
1458
+ 4bq
4,nfC
2
FCA
− 37616ζ5
− 1606660
81
ζ3 +
11728
3
ζ23 −
2713546
729
ζ2 +
313888
9
ζ2ζ3 − 1920992
405
ζ22 −
1312
105
ζ32
]
+ C2FC
2
A
[
1571464
729
+
1005056
9
ζ5 +
5327504
81
ζ3 − 88640
3
ζ23 +
6077552
729
ζ2
+ 3072ζ2ζ5 − 3124160
27
ζ2ζ3 +
3124352
405
ζ22 +
121888
15
ζ22ζ3 −
34496
15
ζ32
]
+ C3Fnf
[
− 48157
54
+ 4bq
4,nfC
3
F
− 130624
3
ζ5 − 19520
9
ζ3 +
106336
3
ζ23 −
31256
27
ζ2
+
208256
9
ζ2ζ3 − 63496
45
ζ22 −
257344
63
ζ32
]
+ C3FCA
[
− 25856
27
+ 274432ζ5
− 18112
3
ζ3 − 511840
3
ζ23 −
78080
27
ζ2 − 73728ζ2ζ5 − 1275328
9
ζ2ζ3 +
478336
45
ζ22
+ 30400ζ22ζ3 +
406912
15
ζ32
]
+ C4F
[
983040ζ7 − 49152ζ5 + 4096ζ3 − 15360ζ23
− 491520ζ2ζ5 + 32768ζ2ζ3 − 391168
5
ζ22ζ3
]}
. (F.3)
The finite coefficients G˜I,(j)i appear from the soft-gluon contributions (See Eq. (44) of
[21] for the details). Through the symbols χqj and χ
g
j , we denote the unknown coefficients
of the color factors in four loop form factors for the Drell-Yan and Higgs boson production
via gluon fusion, respectively. For the case of Higgs boson production in bottom quark
annihilation, only the n3f and n
2
f contributions to the four loop form factor are available
in the literature [79]. As a result, the unknown coefficients corresponding to O(nf ) and
O(n0f ) color factors are denoted by χ
b
1 and χ
b
2, respectively. Also the symbols f
q
4,dabcdF d
abcd
A
and
bq4,j , where j =
{
dabcdF d
abcd
F , nfC
3
F , nfC
2
FCA, d
abcd
F d
abcd
A , C
2
FC
2
A, C
3
FCA, C
4
F
}
are the unknown
coefficients of the color factors in four loop soft and collinear anomalous dimensions. In the
above equations, nf is the number of active light quark flavors, nfv is proportional to the
charge weighted sum of the quark flavors and N4 = (n
2
c − 4)/nc [81]. Following ref. [18],
we have
dabcdA d
abcd
A
NA
=
n2c(n
2
c + 36)
24
,
dabcdF d
abcd
A
NA
=
nc(n
2
c + 6)
48
,
dabcdF d
abcd
F
NA
=
n4c − 6n2c + 18
96n2c
,
(F.4)
CA = nc , CF =
n2c − 1
2nc
, NA = n
2
c − 1 , NF = nc. (F.5)
G Explicit results at N3LL for Drell-Yan and Higgs boson production
Here, we provide the full explicit result of the resummation constant gI4 given in (3.12) at
N3LL for Drell-Yan and Higgs boson productions.
– 33 –
gI4 =
1
(1− ω)2
{
CR
{
β31
β50
[
− 2
3
L3ω + 2ω
2Lω +
4
3
ω3
]
+
β1β2
β40
[
− 2Lω − 2ω + 4ωLω + 3ω2
− 4ω2Lω − 8
3
ω3
]
+
β21
β40
nf
[
− 20
9
Lω − 20
9
L2ω −
20
9
ω +
10
9
ω2 +
40
27
ω3
]
+
β21
β40
CA
[
134
9
Lω +
134
9
L2ω +
134
9
ω − 67
9
ω2 − 268
27
ω3 − 4ζ2Lω − 4ζ2L2ω − 4ζ2ω + 2ζ2ω2 +
8
3
ζ2ω
3]
+
β3
β30
[
2Lω + 2ω − 4ωLω − 3ω2 + 2ω2Lω + 4
3
ω3
]
+
β2
β30
nf
[
− 40
27
ω3
]
+
β2
β30
CA
[
268
27
ω3 − 8
3
ζ2ω
3
]
+
β1
β30
n2f
[
8
27
Lω +
8
27
ω +
4
27
ω2 − 16
81
ω3
]
+
β1
β30
CAnf
[
418
27
Lω +
418
27
ω
+
209
27
ω2 − 836
81
ω3 +
56
3
ζ3Lω +
56
3
ζ3ω +
28
3
ζ3ω
2 − 112
9
ζ3ω
3 − 80
9
ζ2Lω − 80
9
ζ2ω
− 40
9
ζ2ω
2 +
160
27
ζ2ω
3
]
+
β1
β30
C2A
[
− 245
3
Lω − 245
3
ω − 245
6
ω2 +
490
9
ω3 − 44
3
ζ3Lω
− 44
3
ζ3ω − 22
3
ζ3ω
2 +
88
9
ζ3ω
3 +
536
9
ζ2Lω +
536
9
ζ2ω +
268
9
ζ2ω
2 − 1072
27
ζ2ω
3
− 88
5
ζ22Lω −
88
5
ζ22ω −
44
5
ζ22ω
2 +
176
15
ζ22ω
3
]
+
β1
β30
CFnf
[
55
3
Lω +
55
3
ω +
55
6
ω2
− 110
9
ω3 − 16ζ3Lω − 16ζ3ω − 8ζ3ω2 + 32
3
ζ3ω
3
]
+
1
β20
n3f
[
− 16
81
ω2 +
32
243
ω3 +
32
27
ζ3ω
2
− 64
81
ζ3ω
3
]
+
1
β20
CAn
2
f
[
923
162
ω2 − 923
243
ω3 +
1120
27
ζ3ω
2 − 2240
81
ζ3ω
3 − 304
81
ζ2ω
2
+
608
243
ζ2ω
3 − 112
15
ζ22ω
2 +
224
45
ζ22ω
3
]
+
1
β20
C2Anf
[
− 24137
162
ω2 +
24137
243
ω3 +
1048
9
ζ5ω
2
− 2096
27
ζ5ω
3 − 11552
27
ζ3ω
2 +
23104
81
ζ3ω
3 +
10160
81
ζ2ω
2 − 20320
243
ζ2ω
3 +
224
3
ζ2ζ3ω
2
− 448
9
ζ2ζ3ω
3 − 176
15
ζ22ω
2 +
352
45
ζ22ω
3
]
+
1
β20
C3A
[
42139
81
ω2 − 84278
243
ω3 − 1804
9
ζ5ω
2
+
3608
27
ζ5ω
3 +
10472
27
ζ3ω
2 − 20944
81
ζ3ω
3 − 8ζ23ω2 +
16
3
ζ23ω
3 − 44200
81
ζ2ω
2
+
88400
243
ζ2ω
3 − 176
3
ζ2ζ3ω
2 +
352
9
ζ2ζ3ω
3 +
1804
5
ζ22ω
2 − 3608
15
ζ22ω
3 − 10016
105
ζ32ω
2
+
20032
315
ζ32ω
3
]
+
1
β20
CFn
2
f
[
1196
81
ω2 − 2392
243
ω3 − 320
9
ζ3ω
2 +
640
27
ζ3ω
3 +
32
5
ζ22ω
2
− 64
15
ζ22ω
3
]
+
1
β20
CFCAnf
[
− 17033
81
ω2 +
34066
243
ω3 + 80ζ5ω
2 − 160
3
ζ5ω
3 +
1856
9
ζ3ω
2
− 3712
27
ζ3ω
3 +
220
3
ζ2ω
2 − 440
9
ζ2ω
3 − 64ζ2ζ3ω2 + 128
3
ζ2ζ3ω
3 − 176
5
ζ22ω
2 +
352
15
ζ22ω
3
]
+
1
β20
C2Fnf
[
286
9
ω2 − 572
27
ω3 − 160ζ5ω2 + 320
3
ζ5ω
3 +
296
3
ζ3ω
2 − 592
9
ζ3ω
3
]
+
β1
β20
nf
[
112
27
Lω +
112
27
ω − 56
27
ω2 − 16
3
ζ2Lω − 16
3
ζ2ω +
8
3
ζ2ω
2
]
+
β1
β20
CA
[
− 808
27
Lω − 808
27
ω
– 34 –
+
404
27
ω2 + 28ζ3Lω + 28ζ3ω − 14ζ3ω2 + 88
3
ζ2Lω +
88
3
ζ2ω − 44
3
ζ2ω
2
]
+
1
β0
n2f
[
1856
729
ω
− 928
729
ω2 − 160
27
ζ3ω +
80
27
ζ3ω
2 − 320
27
ζ2ω +
160
27
ζ2ω
2
]
+
1
β0
CAnf
[
− 62626
729
ω
+
31313
729
ω2 +
1240
9
ζ3ω − 620
9
ζ3ω
2 +
14696
81
ζ2ω − 7348
81
ζ2ω
2 − 368
15
ζ22ω +
184
15
ζ22ω
2
]
+
1
β0
C2A
[
297029
729
ω − 297029
1458
ω2 + 192ζ5ω − 96ζ5ω2 − 20072
27
ζ3ω +
10036
27
ζ3ω
2
− 49112
81
ζ2ω +
24556
81
ζ2ω
2 +
176
3
ζ2ζ3ω − 88
3
ζ2ζ3ω
2 +
1496
15
ζ22ω −
748
15
ζ22ω
2
]
+
1
β0
CFnf
[
− 1711
27
ω +
1711
54
ω2 +
304
9
ζ3ω − 152
9
ζ3ω
2 + 16ζ2ω − 8ζ2ω2 + 32
5
ζ22ω
− 16
5
ζ22ω
2
]
+
β1
β0
[
− 8ζ2Lω
]
+ nf
[
− 160
9
ζ2ω +
80
9
ζ2ω
2
]
+ CA
[
1072
9
ζ2ω − 536
9
ζ2ω
2
− 32ζ22ω + 16ζ22ω2
]
+ β0
[
64
3
ζ3ω − 32
3
ζ3ω
2
]}
+
1
β20
dabcdR d
abcd
A
NR
[
1760
3
ζ5ω
2 − 3520
9
ζ5ω
3
+
64
3
ζ3ω
2 − 128
9
ζ3ω
3 − 192ζ23ω2 + 128ζ23ω3 − 64ζ2ω2 +
128
3
ζ2ω
3 − 3968
35
ζ32ω
2
+
7936
105
ζ32ω
3
]
+
1
β20
nf
dabcdR d
abcd
F
NR
[
− 640
3
ζ5ω
2 +
1280
9
ζ5ω
3 − 128
3
ζ3ω
2 +
256
9
ζ3ω
3
+ 128ζ2ω
2 − 256
3
ζ2ω
3
]}
(G.1)
In the above equation, Lω = ln(1−ω), R = A for gluons(I = g) and R = F for quarks(I =
q, b). The general results of the resummation constants in terms of universal quantities are
presented to N3LL accuracy in the ancillary file supplied with the arXiv submission.
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